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1 VECTOR SPACES 4
1 Vector spaces

1.1 Vector spaces

If a, € R, (a,) — a if for every € > 0, AN such that |a,, — a|] < e whenever
n > N.
Now consider a general vector space:

Definition. Let V be a real vector space. A norm on V is a function ||-|| : V — R
satisfying:

e|lv][>0VveV, and |[v|]|=0 <= v=0;

o[ Av|| = A [|v]], YAeRand v € V;

o||v+w| < ||V]|+ ||w]|, Vv,w € V (triangle inequality).

1
Example. |[v|[; = (3 v?)?, the Euclidean norm;
VIl = 22 foil;
[[V]|co = max {|v1], ..., |un]}

Example. Let V = C'[0,1] = {f : [0,1] — R|f is continuous}. Then we can
have the following norms:

o A1l = Jo If (@) da;
o A1l = (fy @) da)
o || flloo = maxgejo,1) | f ().

Notation. If || - || is a norm on V, we say the pair (V || - ||) is a normed space.

Definition. Suppose (V,|| - ||) is a normed vector space, and (v,,) is a sequence
in V. We say (v,) converges to v € V if Ve > 0, 3N such that ¥n > N,
[|ve, — V|| < e.

Equivalently, (v,,) — v if and only if ||v,, — v|| = 0 in R.

Example. Let V =R", v = (vk,1, .., Vk,n)-
(a) (vg) — v with respect to || - ||co

<~ ||[vik — V]||oo = 0

< max {|vg; —v;|} = 0

< |vg;—v| = 0forall1 <i<n

<~ Uk,i — Vj-.

So sequence converges if and only if every component converges.

(b) (vg) — v with respect to || - |1
— 2?21 ‘Uk,i - 7)2‘| — 0

= |ogi —vi| = 0forall1 <i<n
< Uk, — V-

Note the two different norms in (a) and (b) give the same notion of convergence.

We set a convention that, when talking about convergence in R™ without men-
tioning a norm, then it’s with respect to || - ||1 (or || ||eo Or || +||2) (these all give
the same notion of convergence).
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Example. Let V = C[0, 1],

1—nz 1‘6[0 l)

‘n

fn(x):
0 T € [%,1]
So
! 1
Wil = [ 1f2 @) lde = 5 =0
as n — 00. So (fn) — 0 with respect to || - [|1.

On the other hand, ||fn]lcc =1 # 0, so (fn) # 0 with respect to || - ||oo. Here
the two different norms give two different notions of convergence.

1.2 Continuity

Let (V,||-||]) be a normed vector space.

Recall: If v, € V and v € V, the sequence (v,,) — v if for every ¢ > 0, there
exists n such that ||v,, — v|| < & when n > N.

Definition. Suppose V and W are normed spaces, and f: V — W. We say f
is continuous if the sequence (f (v,)) — f(v) in W whenever (v,) — v in V.

Example. (1)f:V = R", f(v) = (f1(v),..., fn (v)). Then f is continuous if
and only if f1,..., f, are all continuous.

(2) p; : R" = R by p; (v) = v;. Then p; is continuous.

(3) V=C[0,1], z € [0,1], py : C[0,1] = R by p, (f) = f(x) (linear map).
Then p, is continuous with respect to the uniform norm on C'[0, 1]:

(fn) = f wrt [ [loo

= max |fn(z) = f(2)]| =0

= [fu(x) = f(x)[ =0
= (fu(2)) = f(2)

However, p, is not continuous with respect to || - ||; on C'[0,1]. See examples in
M&T.

So linear maps may not be continuous.
4 If f: V3 = Vaand g: Vo — V3 are continuous, so is go f: Vi — V3.
(5) || || : V — R is continuous.

Lemma. If v,w € V, then ||w — v|| > |||w]| — ||v]|].
Proof. Since ||v|| + ||w — v|| > ||w]|,

W = V]| > [[w]| = | v]].
Similarty, [[w — vi| = [[v = w|| > |[v]| = [Iwl]. So lw = vI[ > [|jw]| = []v]|l. O



1 VECTOR SPACES 6

5th

Now we can prove the example above:

Proof. Let f(v) = ||v||. Then if (v,) = v, (||[vn, — Vv||) = 0. But ||v,, — V|| >

[vnll = IVl = 1f (vn) = f (V) | = 0.
So by squeeze rule, (|f (vy) — f(v)]) =0, ie. f(vy) = f(v). O

Proposition. f: V — W is continuous if and only if for every v € V and € > 0,
there exists § > 0 such that

f(w) = f (V) llw <e

whenever ||lw — v]||y < 4.

Proof. Suppose the € — § condition hold. We’ll show that f is continuous, i.e. if
(va) = v, then (£ (va)) = f (v).

Given (v,) — v and € > 0, pick 6 > 0 such that ||f (w) — f (v) || < &€ whenever
||lw —v|| < 4. Since (v,,) — v, there exists N such that ||v,, — v|| < § whenever
n> N,ie. ||f(vn)— f(V)]|| <ewhenn>N. So (f(v,)) = f(v). So fis

continuous.
If the € — ¢ condition does not hold, then there exists v € V and € > 0 such that
for every n > 0, there exists v,, with

v —wnll <~
n

but
(V)= f(va)ll >e

(Otherwise, take § = L and we get a contradiction). Then (v,) — v, but
(f (vn)) 4 f(v). So f is not continuous. O

1.2.1 Addendum

Suppose V, W are normed spaces and U, is an open subset of V for all a € A.
Let U = UQGAUa.

Proposition. Suppose f : U — W and f is continuous on all U,. Then f
is continuous on U. It’s important that U,’s are all open. For example, any
f:V — W is continuous on {v}, but may not be continuous on Uyey {v} =V.

Proof. Must show that given v € U and € > 0, 30 > 0 s.t.
f(Bs (v)NU) C B (f (v))

vV € UqealUy, so v € Uy, for some ap € A. f is continuous on U,,, so 301 > 0
s.t.

[ (Bs, (v)NUa,) C B (f (V)

U, 1s open, so 3 > 0 s.t. Bs, (v) C Uq,.
Let 6 = min (01, d2). Then Bs (v) C Bs, (v) and Bs (v) C By, (v) C Uyg,-
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So Bs (v) C Bs, (V) NUg,-
Thus

f(Bs(v)NU) = f(Bs(v)) C f(Bs (v)NUa,) C Bz (f (v))

1.3 Open and Closed Subsets

Definition. If v V and r > 0,

B, (v)={weV||lv-w| <r}
is the open ball of radius r centered at v,

By (v) ={w e Vl|lv —w[[ <r}

is the closed ball of radius r centered at v.

Now we can get an alternative definition of continuous:
e f is continuous if and only if for every v € V and € > 0, there exists 6 > 0
such that f (Bs (v)) C B: (f (v)).

Definition. U C V is an open subset of V' if for every u € U, there exists € > 0
such that B, (u) C U.

Proposition. If f : V — W is continuous and U C W is open, then f~1 (U) is
open in V.

Proof. Suppose v € f~1(U), ie. f(v) e U.

U is open, so there exists ¢ > 0 such that B. (f (v)) C U.

f is continuous, so 3§ > 0 such that f(Bs(v)) C B: (f (v)) C U, ie. Bs(v) C
71 (U) so f~1(U) is open.

The converse is also true(see M&T). O

Definition. (Open subsets) Recall U C V is open in V if for every u € U,
Je > 0s.t. B:(u) CU.

Proposition. If f : V — W is continuous and U C W is open, then f~1 (U) is
open in V.

Example. Given v € V, define

Then fy is continuous, so

is open in V, i.e. open balls are open.
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Definition. (Closed subsets) Recallif C C V, V —C ={v e V|v & C} is the
complement of C. C' C V is closed if V — C' is an open subset of V.

Corollary. If f: V — W is continuous and C is closed in W, then f~!(C) is
closed in V.

Example. Let
C=A(z, f () |z e R}

where f: R — R is continuous. Then C is closed in R2.

Proof. Let F :R? — R by F (x,y) = f (x) — y which is continuous.
Then C = F~!({0}) is closed, since {0} is closed in R. O

Example. -
B, (v) = fy ([0.7])

is closed in any normed space V.
Example. Q C R is neither open nor closed.
Example. V C V, ¢ CV are both open and closed.

Proposition. C is closed in V' if and only if for every sequence (v,) - v €V
which satisfies v,, € C for all n, we have v € C as well.

Proof. Suppose C is closed in V', and (v,,) — v with v & C.

Now V —Cisopen,and veV —C. Sode >0s.t. B.(v) CcV -C.

Since (v,) — v, there exists N s.t. v, € B.(v) CV —C for all n > N. So
vy, € C. Contradiction.

Conversely, suppose that C' is not closed. Then V — C' is not open. So there
exists u € V — C such that for every ¢ > 0, B. (v) ¢ V—C, ie. B. (v)NC # ¢.
Now pick v, s.t. vy, € By, (v)NC. Then ||v, — v|[ < 1 =0, s0 (v,) = v for
all v € C, but v € C. Contradiction. O

1.4 Lipschitz equivalence

We’ve seen in the first lecture that || - ||1,]] - ||2,]| - ||oc all induce the same notion
of convergence on R”. So f: R™ — V is continuous with respect to || - || if and
only if it’s continuous with respect to || - || co-

Proposition. Suppose ||-|],]|-]|" are two norms on V. The map id : (V.|| - ||) —
(V1] - 1I") by id (v) = v is continuous if and only if there exists some constants
C > 0 such that

V][ < Cllvl]

for all ve V.
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Proof. Suppose ||[v||’ < C||v|| for all v e V.
If (v,,) = v with respect to || - ||, then (||v — v,||) — 0. But then

0 < |v=val|" < Cllv = va|

By the squeeze law, ||v — v,||" — 0 as well. So (v,,) — v with respect to || - ||".
This means id : (V|| -]]) = (V,|| - ||) is continuous.
Conversely, suppose id : (V,||-||) = (V,|| - ||') is continuous. Then there exists

6 > 0s.t. Bs (0,[[-[[) € Bi (0, -[').
For any v € V,v # 0, there exists k s.t. |[kv]| = 3. So kv € Bs(0,]|]), so
kv € By (0,]]-|), i.e. [[kv]| <1 = 2|[kv||. Divide by |k| we get

2
vl < Zlv
IvIF < 2l
for all v # 0. So we can take C' = %. The case v = 0 is trivial. O
Definition. If || - || and || - || are two norms on V, we say they are Lipschitz

equivalent if there exists C' > 0 s.t.
Livil < IvIF < Clvl
— ||V A\ v
C < <

for all v € V', or say there exists C7, Cy such that

VIl < Callvll

and
[v]|” < Col|v]]

That is also equivalent to
id: (V- ) = (V-1

and
id: (Vo[- [1) = (ViIl-[])

being both continuous.

Corollary. If || - || and || - || are Lipschitz equivalent, then:

(a) (v) — v with respect to || - || if and only if (v,,) — v with respect to || - ||’
(b) f:V — W is continuous with respect to || - || if and only if f: V — W is
continuous with respect to || - ||".

(c) g : W — V is continuous with respect to || - || if and only if g : W — V is
continuous with respect to || - ||’.

Example. ||V < [[v]]2 < [[v[l < n[[v]|e for all v.€ R™. So [[-[[ec, || - ||2,

|| - ||1 are all Lipschitz equivalent.

Problem. Can we find a norm on R" that is not Lipschitz equivalent to these?
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2 Uniform Convergence

2.1 Notions of Convergence

Let ACR, f,fn:A—R.

We’ve known the definition of continuous and boundedness from Analysis I. Now
define C (A) to be the set of continuous functions f : A — R, and B (A) to be
the set of bounded functions F': A — R. Both of these are vector spaces.

We have C'[0,1] C B0, 1] by maximum value theorem, while C (0,1) ¢ B (0,1)
(take f (z) = 1).

Definition. If f, f,, : A = R, we say (f,) — [ pointwise if (f, (z)) — f (z) for
every = € A.

Definition. The uniform norm || - ||o on B (A) is given by
| flloo = sup |f ()]
€A
If f,fn: A= R, wesay (fn) = f uniformly if ||f — falloc = 0.

Equivalently, if (f,) — f pointwise, then for every z € A and ¢ > 0, IN s.t.
|fr (z) — f (x)] < € whenever n > N.
If (fn) — f uniformly, given ¢, we need to find some N that works for all x € A.

Example. Let A=R, f, () =z+ %, f(z) = x. Then (f,) — f pointwise and
uniformly.

Example. Let A =R, g, (z) = (z + %)2, g (x) = 2% Then g (n) — g pointwise,

but g, — g = 2% + % is not even bounded. So (g,) does not converge to g

uniformly. Nevertheless, (g,) — ¢ uniformly on [a,b] for any a,b € R) (since
convergence and uniform convergence is the same on compact sets).

Example. If (f,) — f uniformly, then (f,) — f pointwise (Immediate from
definition).

Theorem. Suppose f,, € C' (A4) and (f,) — f uniformly on A. Then f € C (A).

Proof. Given x € A and € > 0, we need to find § > 0 s.t.

|f(x) = fy)l <e

whenever |z —y| < and y € A.
Since (f,) — f uniformly, 3N s.t.

fa )= F W] < 3

whenever n > N and y € A.
Since fy is continuous, 39 > 0 s.t.

INOEFNOIES
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whenever |z —y| < § and y € A. Then for |z —y| < ¢ and y € A,
1f (@) = f W < [f (@) = fnv @) + 5 (@) = fv @]+ v () = f )]

< = =+ = + t= €
42 4
which is what we wanted to prove. O

Corollary. C'[a,b] is a closed subset of B [a,b] with respect to || - ||oc-

Proof. Recall that C' is closed if ¢ € C whenever (¢,) — c and ¢, € C. O
Example. Let A =[0,1], f, (z) =2, f(z) = (1) i 5[10’ 1) .

Then (f,) — f pointwise but not uniformly, since f, € C'[0,1], but f & C'[0, 1].

Example. Let f, (x) = (1 —z)a™. Then (f,) — 0 pointwise. In fact (f,) — 0
uniformly.

Proof. Given € > 0, we must find N s.t. |f, (z)| < e for all € [0,1] whenever
n> N.

We know 1 —e < 1,80 (1 —¢)" = 0. Pick N s.t. (1 —¢)" <& whenever n > N.
Then for n > N,
(1—z)2" <1-(1—-¢)" <e

for x € [0,1 — €], and
(1—z)z"| <e-1"=¢

for x € (1 —¢,1). O

Everything so far in this chapter works for f: A — W, where ACV and V, W
are both normed spaces. (exercise)

Recall that if £, f,, € C'[a,b] with a,b € R, then (f,) — f in L' (with respect to
|- [1) if

b
1= flh = [Vt = £ @] =0
Lemma. If (f,) — f uniformly on [a,b] and f,, € C[a,b], then (f,) — f in L!

on [a,b].

Proof. (fn) — f uniformly implies that f € C[a, b].
Given € > 0, pick N s.t.

[fn () = f(@)] <

(b—a)
for n > N and x € [a,b]. Then
b

b
W= flh= [ V@) = f@ldo< [ 5

a

So (fn) — f in L. O
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Example. Let A = [0,1],

nT z € |0, l]
fn(®)=X 2—nz x¢€ %,@]
0 T € %,ﬁ

Then (f,) — 0 pointwise, and in L', but not uniformly.

Example. Let A =[0,1],

n’x x € 0, l]
fo()=1¢ 2n—n’z z€ lfé]
0 T € %,ﬁ

Then (f,) — f pointwise, but not in L', nor uniformly.

We woud like to say that a sequence of bounded integrable functions on [0, 1]
that converges pointwise converges in L'. But for this to be true, we need a
better definition of | (in measure and probability).

2.2 Power series

Recall some facts about series of complex numbers from Analysis I, for .2 ¢;,
c; € C:

1) Y2 ci =cmeans (Y1) — ¢

2) Y2, ¢i converges if and only if Y7, ¢; converges;

3) Yot =2 if o] < 1

4) If 377 ¢; converges, then (c,) — 0;

5) If 0 < a; < b; for all i (here a;,b; € R), and "= b; converges, then >~ a;
converges as well;

6) If >0, |ci| converges, then Y .2 ¢; converges.

Corollary. If |¢;| < b; for all ¢ and Y-, b; converges, then Y .= ¢; converges.

Proof. Follows from (5) and (6). O

Definition. A power series is

oo

Z @ (Zi)i

i=0
where a;, c,z € C. Call ¢ the center of the series.

Proposition. Suppose Y ;2 a; (20 — ¢)" converges for some zy € C. Then the
series >~ a; (20 — ¢)' converges for all z with |z — ¢| < |z — ¢|.

Proof. By (4), (ai (20 — c)z) — 0. Pick N such that |a; (z0 —¢)'| < 1 for all
1> N.
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By (2), suffices to show that >~ \ a; (z — ¢)" converges. Now

i
. . Z —_— C .
la; (z —¢)"| = |a; (20 — ¢)" | - p— <l-a
(call this "Key Estimate’, to be used later) for i > N where o = | 2= .
For |z —¢| <|z0 — ¢|, @ < 1,80 Y oy @ converges.
By corollary, it follows that Y .2 a; (z — ¢)* converges. O

Definition.

=0

R = sup {|z — || Z a; (z —¢)' converges }

is the radius of convergence of this series.

The above proposition says that > .~ a; (z — ¢)" converges for all z € By (c) =
{z € C||z — ¢| < R}.

We can define f : Br(¢) — C by

&)=Y aiz=o)

Let A
pn(2) =ai(z—¢)'

Then (p,) — f pointwise on Bp (c).

Theorem. With notation as above, (p,) — f uniformly on B, (c) = {z € C||z — ¢| < r}

for any r < R.

Proof. Fix zgp € C with r < |29 — ¢| < R. Then ) ;= a; (20 — ¢)" converges. Let

o0

Bu(:)=1()-pa()= Y ai(z—0

1=n—+1
We want to show that given ¢ > 0, IN s.t. |E, (z)| < € for all n > N and
z € B, (c).

Pick Ny with |a; (20 — c)i | <1 for all i > Ny as in the proof of the previous
proposition.

Now for n > Ny, Key Estimate says that

o0

Zai (z—c)

i=m

Y lai(z=¢)'

1=n+1

|En (2)| =

IN

A
g
o
O
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where a (z) = |Z:Cc|‘.

IszBr(c),a(z)§a0:ﬁ<l. So

n+l

oo
; 71—0&0

n+1 n+1

Now g < 1, so — 0 asn — oo. Pick N > Ny s.t. 7o < e forn> N.

Then |E, (2)| <€ for allm > N and 2 € B, (c) which is what we wanted. [

Remark. (p,) may not converge uniformly on Bpg (c). For example, Y .o @'
has R = 1, and equals f (z) = 1= on By (0), but p,, is a polynomial, so bounded
on By (0), so f (x) — py () is not even a bounded function on Bj (0).

Corollary.
= Z a; (z — c)i
i=0

is a continuous map f : Bg (¢) — C.

Proof. p, =Y. yar (z —c)" is a polynomial, so is continuous as a map C — C.
(pn) — f uniformly on B, (c) for any < R, so f : B, (¢) — C is continuous for
any r < R.

Given z € Bpg (¢), pick r with z € B,.(¢). Then f is continuous at z. So f is
continuous at all z € Br (¢), i.e. f: Bgr(c) — C is continuous. O

We can now construct lots of continuous functions using power series.

Example.

exp (2) :Z%

=0

has R = o0, so is a well defined, continuous function on C.

Let f (z) = exp (z) for x € R. We want to show that f' (z) = f (2):

d [z = qzit = it
da (Zz'> =2 :Z(z‘fl)! = oxp ()

=0 =0 i=1

this looks easy, but why does the first equality hold?

Example. Suppose

has radius of convergence R. Then if p, = Soicpai(z—0), (pn) = f(2) =
Yoo ai (2 — ¢)" uniformly on B, (c) for all 7 < R = [ is continuous on B, (c)
for r € R.

Take U, = B, (c), so f is continuous on U, for r < R. U, is open. So f is
continuous on U, gU, = Bg (c).
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2.3 Integration and Differentiation

Recall from Analysis I:

Theorem. (Fundamental Theorem of Calculus) If f € C [a, b], then

ﬂwzf}@@

exists, and

Some properties of integral:
Suppose f,g € C'[a,b].

(1)
/f(y)+kg(y)dy=/ f(y)dy+A/ g(y)dy

(2) If f(y) < g(y) for all y € [a, ], then

‘KfM@SL}@My

f%@@k

Lﬁﬂmﬂ

Suppose f,, € C'la,b] and (f,) — f uniformly on [a,b]. So f € C[a,b]. Thus

Fa)= [ faway
and ”

F($)=/ f(y)dy
are defined.

Proposition. (F,,) — F uniformly on [a, b].

Proof. (f») — f uniformly, so given € > 0, IN s.t.

[ () = [ ()] <e
for all n > N and z € [a,b]. Choose N s.t.

€
b—a

| fo (z) = f ('73)‘ <

15
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for all n > N and z € [a,b]. Then for z € [a, ],
Bt = F@=| [ )= 1)

<[ 1w —f(y)ldy‘

T oe
< / dy’dy
o D—a
€z — x|
b — al
<e
So (Fy,) — F uniformly on [a, b]. O

Note that (f,) € C (R), (fn) — f uniformly does not imply (F,) — F uniformly
on R. (But does on [a,b] for a,b € R).

Let -
Fly)=> aily—o)
=0

be a real power series (a;, ¢,y € R) with radius of convergence R. Then if the
partial sum p,, (y) = > 5 a; (y — ¢)*, then (p,) — f uniformly on [c — 7, ¢+ 7]
for any r < R.

Corollary.

forall z € (¢ — R,c+ R).

Proof. Given x € (¢ — R,c¢+ R), pick r with |x — ¢| < r < R. Then (p,) — f
uniformly on [¢ — r, ¢ + 7], so by proposition

x

(Po) = [ fy)dy

where

=0
O
Q: If (fn) — f uniformly, what can I say about (f,)?
A: Nothing, because:
Example. Take f, (z) = tsinnz, z € [0,7]. Then (f,) — 0 uniformly on

[0, 7], but f], (x) = cosnx doesn’t converge for any = € (0, 7).
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/—\/

Proposition. If
fy) = Zai (y—C)i
i=0
converges on (¢ — R,c+ R), then
oo
. i—1
fly) = Zmi (y—o
i=0
on (c— R,c+ R).

Proof.

Lemma.
e .
Z ia; (y — )"
i=0

converges for all y € (¢ — R,c+ R).

Pick yo with |y —c| <|yo — | < R.
Yicoai (y —c)' converges, so by Key Estimate’, IN s.t.

jai (y — )| < o

y—c
Yo—cC

for all ¢ > N, where a = < 1.

Ify=c, > ia; (y— c)i*1 obviously converges. If not, estimate

¢ i

‘iai (y — c)i_l‘ < = C|a

Now >, \yic| o' converges by Ratio Test. So Y oo ia; (y — ¢)"~! converges as

well. O
Now begin the proof of proposition:

gy) = da;(y—c)"
1=0

is continuous on (¢ — R,c¢+ R). So by corollary,

[ 9wy =3 a0 = 1@ -1 @
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By Fundamental Theorem of Calculus, f/ (z) = g (). O

Application: Power series solutions of ODEs are legit (as long as we check the
radius of convergence).
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3 Compactness

3.1 Compact subsets of R”

Let V be a normed space. Then if (v,,) = v € V and (an) is a subsequence of
(vn), then (vyn,) — v. We leave this as an exercise.

Definition. A C V is bounded if M € R s.t. ||v|| < M for all v € A.

If || - || and || - || are Lipschitz equivalent, then boundedness with respect to the
two norms are equivalent.

Corollary. (Bolzano-Weierstrass in R™) If (vy) is a bounded sequence in R, it
has a converging subsequence.

Proof. To prove this, simply pick a subsequence with the first coordinate conver-
gent, then pick a subsequence of that subsequence with the second coordinate
convergent, etc..

Let Vi = (Ul,kv ...,’U,,L,k).
(vk) is bounded, so (v; ) is bounded for all 1 < ¢ < n. By B-W theorem, there

exists a convergent subsequence (vl k1> of (v1 k). Now the sequence (v2 k1> is
g ’ g
bounded. So by B-W, there exists a subsequence (vz 12 ) which converges. Then
g
by the previous exercise, (vl k?) converges.
)

Now consider the sequence (v3 k%‘)- By B-W, it has a convergent subsequence
()
('Ug k3.)~ etc.
)

Apply B-W n times, we get (vk;) of original (v,,) s.t. (vi,k;> converges for

1<i<n.So (vk;z) converges. O

Example. Let V = C'[0,1] with || - ||c0, and

fn(ﬁC):{ (1)—713: T e

olJ

ze i1
If
1 2=0
f(”“")_{ 0 >0

then (f,) — f pointwise. Then (f,) is bounded with respect to || - || but has
no convergent subsequence.
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Proof. Suppose (fn]) — ¢ uniformly, then (fnj) — g pointwise, so g = f. But
f€C10,1],s0 (fn;) # [ uniformly. O

Definition. We say A C V is sequentially compact (s.compact) if any sequence
(v,) in A has a convergent subsequence (v,,,) — v € A.

Example. R is not s.compact, since (n) has no convergent subsequence.
Example. A = (0,2) is not s.compact, since (%) —0¢ A.

Proposition. Suppose A C V is s.compact. Then A is closed in V' and bounded.

Proof. We prove the contrapositive:

If A is not closed, then there exists a sequence (v,) — v with v,, € A for all n
but v € A. By the exercise, any subsequence (vn].) converges to v € A. So A is
not s.compact.

If A is not bounded, then for all n € N we can find v,, € A with ||v,|| > n.
We claim that (vnj) has no convergent subsequence: if (an) — v, then 3J s.t.
[V, = V|| < 1forall j >.J. So

v, I| < VI =+ [[Va; = VI < [[v][+1
for all j > J, but this is impossible since n; > j, so |Jvy, || > j — 00 as j — ooc.
It follows that v,, has no convergent subsequence, so A is not s.compact. O

Theorem. (Heine-Borel) A C R™ is s.compact if and only if A is closed and
bounded.

Proof. By the proposition, A is s.compact = A is closed and bounded.

Conversely, suppose A is closed and bounded, and (v,,) is a sequence in A. Then
(vn) is bounded (since A is). So by B-W, it has a convergent subsequence. Since
A is closed, v € A. So A is s.compact. O

Remark. By previous example, B (0) in C[0,1] with || - ||« is closed and
bounded but not s.compact since (f,) has no convergent subsequence. So
Heine-Borel theorem does not hold in general spaces.

Remark. If A C V a normed space, then A is s.compact <= A is compact.

Proposition. Suppose C' C V is s.compact and f : C' — W is continuous. Then
f(C) is s.compact.

Proof. Suppose (w,,) is a sequence in f (C). Pick v,, € C with f(vn) = w,.
We know C'is s.compact, so (v,,) has a convergent subsequence (vnj) —vecl.

Now f is continuous, so (wy,) = (f (vn,)) = (f(v)) € f(C). So f(C) is
s.compact. O

We’ll use the above to prove maximum value theorem.
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Lemma. If A C R is closed and bounded, then sup A € A.

Then (z,) — sup A. The result follows since A is closed. O

Proof. A is bounded, so sup A exists. Pick x,, € A with sup A— % <z, <supA.

Theorem. (Maximum value theorem) Suppose C is s.compact, f : C — R is
continuous. Then there exists v € V s.t.

fVM) =1

for all v/ € C.

Proof. We know A = f (C) is a s.compact subset of R, so it is closed and bounded.
So by the lemma, sup A is in A = f (C). So pick v € C with f(v) =supA. O

Application: Norms on R™:

Let || - || be a norm on R™.

Lemma. The map id:(R™, || - []1) — (R™,]|| - ||) is continuous.

Proof. Write v = (v1,...,vn) = Y i, v;€;. By the triangle inequality,

n

n n
vl <D llwieill =) lvillledll < C ) loil = Clivih
i=1

i=1 i=1

Where C' = maxi<; < n{||e;||}. By criterion of section 1.4, the given map is
continuous. O

Corollary. The map f : (R",[|-|]1) — R given by f (v) = ||v|| is continuous.

Theorem. || || is Lipschitz equivalent to || - ||1.

Proof. Let S ={v e R" | ||vi =1} = g7} ({1}), where g (v) = ||v]].

Now g : (R™,]| - ||]1) — R is continuous, {1} is closed in R, so ¢! ({1}) is closed
in (R™, || - ||1). S is also obviously bounded in (R™, || -]|1). So S is s.compact by
Heine-Borel.

f+ @R -11) = R, f(v) =||v]| is continuous by corollary. So by maximum
value theorem, there exists v4 € S s.t.

CL=f(v)<FW) < flve)=Ch

forall v.e S, ie. C_ <v <Cj forall veS where C_ = ||v_|| > 0 since
voeES = v_#0 = v_ #N0.

Then for v # 0 in R™, v/||v||1 € S. So
v

0<C-<lem

<oy
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ie.
C_[|v[li < |Ivll < C4[lvllx

where C_,C; > 0. So the two norms are Lipschitz equivalent. O

Corollary. Any two norms on R™ are Lipschitz equivalent.

3.2 Completeness

Let V' be a normed space, and let (v,,) be a sequence in V.

Definition. The sequence (v), is Cauchy if given € > 0, there exists N s.t.

[|[Vi, — vin]| < € for all n,m > N.

Example. If (v,) — v, then (v,,) is Cauchy.

Proof. Given e > 0, pick N s.t. [|[v,, —v|| < § foralln > N. Then for n,m > N,
by triangle inequality,

Vi = vl <{lVa = VI +[lv = vi|| <€
ie. (vy) is Cauchy. O

Example. Let s, = Z?:l % Then s, diverges. Also it is not Cauchy, even

though |s,, — sp4+1| — 0 as n — co.

Cauchy sequences want to converge.

Example. Given € > 0, pick N s.t. ||v, — vy,|| < ¢ for all n,m > N. Then all
but finitely many terms of (v;,) are contained in B. (vy).

However they may not have an element of V' to converge to.
Example. Let V = C'[0,1] with || - ||;. Take

0 x €10,1/2]
fo=d n@-1/2) well/21/2+1/0
1 x €[1/2+1/n,1]
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f (n) is Cauchy:
Ifmn>>N,|fn(x) = fm(z)|=0ifx & A, =[1/2,1/24+1/N], and < 1 if
z € Ay. Then

1 1/24+1/N
o= fulli = | Ifn(x)fm(x)|da:§/1/2 1o = ~
so (fn) is Cauchy.
Now let . 0,172
x € |U,
f(x):{ 1 ze(1/2,1]

which is not in C'[0,1].

If (fn) — g € C[0,1] then (f,) — g with respect to || - ||1 on [0,1] — A,, for any
N > 0. On the other hand, (f,) — f uniformly on [0,1] — Ay for any N > 0.

On the other hand, (f,,) — f uniformly on [0, 1]— Ay for any N > 0. So (f,) — f
with respect to || - ||y on [0,1] — Ax for all N > 0. Therefore g (z) = f () for
all z € [0, 1]. Contradiction.

Definition. A normed space V' is complete if every Cauchy sequence (v,,) in V
converges to a limit v e V.

Example. (C[0,1],][|-|1) is not complete.

Application: Completeness of R™.
Let V be a normed vector space, and suppose (v,,) is a Cauchy sequence in V.
Lemma. (v,) is bounded. (Exercise)

Lemma. If (v,) has a convergent subsequence (v,,) = v € V, then (v,,) — v.
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Proof. Given e > 0, pick M s.t. |[v,, — vpu|| < § whenever n,m > M. Now vy,
converges to v, so pick I s.t. |[v,, — V|| < § whenever i > I.
So choose I' > I s.t. ny > M. Then for n > ny,

Vo = VI <|va = Vo, |+ IVa, — VIl <e
So (vy) — V. O

Theorem. R" is complete.

Proof. Suppose (v,,) is a Cauchy sequence in R™. By lemma 1, (v,,) is bounded.
By B-W, (v,,) has a convergent subsequence (v,,) — v. By lemma 2, (v,) — v,
i.e. every Cauchy sequence converges. So R™ is complete. O

Remark. If || - || and || - || are Lipschitz equivalent, then (v,) is Cauchy with
respect to the two norms are equivalent. So Completeness with respect to the
two norms are equivalent.

Since all norms on R™ are Lipschitz equivalent, the the theorem holds for any
norm.

We saw (C'[0,1],]] - ||1) is not complete. What about (C'[0,1], ]| ||s0)?
Bounded sequences need not have convergent subsequences.

Theorem. C'[0,1] is complete with respect to || - ||co-

Proof. Given a Cauchy sequence (fy,), we must find f € C'[0,1] s.t. (fn) = f
uniformly.

Given € > 0, choose N s.t. ||fn — fm]l <&/2 for all n,m > N. Then if z € [0,1],

|fr (2) = fm () < maX} |fr () = fm (@) |

z€[0,1

<eg/2<e
For n,m > N.

So (fn (x)) is a Cauchy sequence in R. But R is complete. So lim, o fr (2)
exists.

Define f (z) = limp 00 fr (). Then (f,) — f pointwise.

Now we want to prove (f,) — f uniformly. Given € > 0, and = € [0, 1], pick M
(depending on ) s.t. |fn (x) — f (z) < €/2 whenever n > M.

Let R = max (N, M), then for n > N,

[fn (@) = f (@) | < |fu(2) = fr(2) |+ |fr(2) = ] (2)
<eg/2+¢e/2=¢
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forn,R> N. ie. |fn(z)— f(x)] <eforall z €[0,1] Le. ||frn — flloo <e.
So (fn) — f uniformly.

fneCl0,1]] = feC]0,1]. So (fn) — f € C[0,1] uniformly. O

3.3 Uniform continuity

Suppose V, W are normed spaces, A C V.

Definition. f: A — W is uniformly continuous if for every € > 0, 3§ > 0 s.t.
[lf (v) = f(v")]|] < e whenever ||v —V'|| <d.

Example. Let f: R — R by f (z) = 2%. Then f (v + ) — f (v) = 226 +62. For
fixed &, 220 + 0% — o0 as © — oo. So f (z) = 22 is not uniformly continuous.

Example. Let f:(0,1] = R with f (z) = % This is not uniformly continuous
as well (consider z — 0).

Theorem. If C is s.compact, and f : C' — W is continuous, then f is uniformly

continuous.

Proof. Suppose f is not uniformly continuous. Then there exists € > 0 s.t. for all
n > 0 we can find v, w,, € C with ||v,, — w,|| < %, and ||f (Vo) — f (wp) || > ¢
(else f is uniformly continuous).

Since C' is s.compact, (v,) has a convergent subsequence (v,,) = v* € C.

f is continuous and v* € C, so 3§ > 0 s.t. ||f(v) — f(v*) ]| < £/2 whenever
v € Bs (v*).

If v,v' € Bs (v*), then

) = F < ) = F )+ V) = £ ]
<eg/24+¢€/2=¢

(Vp;) = v*, so pick I; s.t. ||V, — V*|| < 6/2 when i > I.

Pick I s.t. 1/I3 < §/2. Then for i > max (I1,I), we have ||v,, — v*|| < /2
and ||V, — Wy, || < n% <i< 712 <$.

So [|Wn, — v*|| < ||Wn, — Vi, || + ||V, = V|| < 0/24+ /2 =0, i.e. Wy, Vp, €

Bs (v*), ||f (Vn,) — f (Wn,) || > e. Contradiction. So f must be uniformly
continuous. O

3.4 Application: Integration

Recall from Analysis I: We say f : [a,b] — R is piecewise constant if Ja = a¢ <
a; < ..<ap,=band c1,....,c, ERst. f(z)=¢ if z € (a;-1,a;).
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Let Pla,b] = {f : [a,b] = R | f is piecewise constant}. If f € P [a,b] is as above,

then
n
” ”
= § Cz i — Ai— 1 f
=1

Lemma. If f,g € Pla,b], A € R, then
f—XAg € Pla,b]

and I (f = Ag) = I(f) =M (g).

Write f > g if f(x) > g (z) for all z € [a, b)].
Lemma. If f >0, 1(f)>0

Soif f,g € Pa,b], f > g, then I (f) > I (g).
Definition. (Riemann Integral) Suppose f : [a,b] — R is bounded. Let
U(f)={9€Pla,b] | g > f},
L(f)={g9€Pla,b]|g<f}

since f is bounded, these are not empty.

Let
U(f)={I(g) lgeU(f)},
L(f)={I(g9)1g€L(f)}

Ifg“'eU(f)andg‘Eﬁ(f),theng > f>g . Sol(gt)>1I(97). If
uw € U(f) and I € L(f), then w > I. So U(f) is bounded below, L (f) is
bounded above.

Now let
u(f)=infU(f)

L(f) = inf L(f)
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Note that u (f) > 1(f).

We say f is Riemann integrable if u (f) =1 (f), in which case we define

b
/f(x)daf=U(f):l(f)

If f € Pla,bl, then u(f) =1(f)=1(f),so fis RL
Theorem. If f € C'a,b], then f is RIL.
Lemma. Given e >0, 3g7 €U (f) and g~ € L(f) st. I(g) —I(97) <e.

Proof. [a,b] is closed and bounded in R, so it is s.compact. By last lecture’s
theorem, f : [a,b] — R is uniformly continuous.

So pick ¢ s.t.
€

@)= f )<

whenever |z —y| < 6. Choose a = ag < a1 < ... < a, = bsuch that a;41 —a; <9
for all 3.

Define
cf= max f(x),
z€la;—1,a4]
¢; = min f(x)

z€lai—1,a:]

(These exist by Maximum value theorem) So

ct=f (x+) >f (x_) YV € [a;-1,a4],
C; = f (xi) < f(.’ﬂ) Vo € [ai,hai]

ztx” €laimr, 0] = |zt —27| <4.

Define
gt (@) =c ifx€lai_1,ai),

g (x)=c¢; ifz€lai_1,a;)

Then [z7 — 27| <6 = ¢/ —¢; < 3= for all i. So to sum up, g* > f > g~
€

and g7 — g~ < 5.
Thus g" € U (f), g~ € L(f), and

Now prove the theorem:

Proof. 1(g%) Zu(f) 21(f) 21(g7). Sou(f)=1(f) <I(¢g")—1(g7) <efor
all € > 0, which implies u (f) =1 (f). O
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Corollary. If f € C'[a,b], 3fr € P(a,b) s.t. (fx) — f uniformly on [a, b].
Proof. For each k, choose g,‘: as in the proof of lemma with ¢ = % Then
(g,j) — f uniformly. O

Example. (Speed and Distance) Suppose f [a,b] — R™ is continuous. f (t) =
(f1 (@), ..., fn (t)) where all f; are continuous.

Define f; f@t)ydt= (fl (t)dt, ..., fab fn (1) dt) (Integrating pointwise).

If f(t) = v (t) =velocity of a particle in R™ at time ¢, then p (b) — p(a) =
f; f (t) dt is the displacement of particle from its position at t = a. ||v (¢)]] is
the speed of particle.

Proposition. If f : [a,b] — R™ is continuous, then

b b
I [ rwa< [Ir@la

Lemma. If z;,y; € R satisfy:

(1) z; <y, for all ¢

(2) (z;) = z and (y;) = y

Then z < y.

Proof. yi —2; > 0,(y; —xi) 2y —o = y—z>0. O
Lemma. The proposition holds if f is piecewise constant (maybe not continu-
ous).

Proof. Suppose f (t) = v; for t € (a;—1,a;). Then

b
| [ sadi=irm)|

=1 (a1 — ai) vil|
i=1

<

NIE

(a; —ai—1)||vil|

g

1
1£11)
b

I
[ irlat

Proof of proposition:
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Proof. Choose a sequence of piecewise constant functions fy : [a,b] — R™ s.t

(fx) — f uniformly.
Then

/fw/f

(uniformly convergence = L' convergence) and
b

— / f
a

Also (||fx]]) = ||f|| uniformly (|| - || is continuous). So

(/abnfk|> %/ablfll

b
fr
a

since || - || is continuous.

b b b b
So now take zy, = || [, fill.# =1, Il yk = Jo 1kl = Jo 7]

Then xj < yi, so x < y.
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4 Differentiation

Slogan: The derivative is a linear map.

4.1 Derivative

Definition. Let U C R™ be open, f: U — {zo} — R™. We say

if the function f : U — R™ given by
Floy={ @ zm

Yy T = To
is continuous at xg.
Note that we don’t care which norms on R"™ or R™ we use: all the norms on R"™

are Lipschitz equivalent, so they determine the same continuous functions.

Definition. Suppose U C R" is open, g € U and f : U — R™. We say f is
differentiable at xq if there is a linear map L : R™ — R™ s.t.

o £ (04 0) = (o) + L))

v—0 [loll

=0

If such an L exists, it is unique.

Proof. Suppose L1, Lo exist. Subtracting the two limit equations gives

L —L

lim 220~ In(0) _
v=0 ]|

IfveR® v#0,thentv —0ast— 0". So

lim Lo(tv) — Ly (tv)

=0
t—0+ [[tv]]

Since L1, Lo are linear maps, simplify that and we get La(v) = Li(v). But v is
arbitrary. So L1 = Ls. O]

When the equation in the definition of differentiability holds, we say
Dfls, =L
is the derivative of f at zy. Note that D f|,, is a linear map from R™ to R™.
Equivalently, f is differentiable at x¢ with Df|,, = L if
f(zo +v) = f(zo) + L(v) +[|v]|a(v)

where lim, o a(v) = 0.
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Proposition. Suppose f : U — R™ is differentiable at zqg € U. Then f is
continuous at xg.

Lemma. Suppose L : R" — (W, || - ||) is a linear map where W is a normed
space. Then lim,_,o L(v) = 0.

Note that the lemma is false if R™ is replaced by an arbitrary normed space.

Proof. Let v = (vi,...,vn) = >, v;e;. Then
L) =11 viL(e:)|
i=1
< il - 11 L(es) ]
i=1

< OZ |vi
=1
= Cl[v|lx
Where C = max{||L(e1)|], ..., || L(en)]||}

Givene > 0, pick & > ¢/C. If ||v||1 < 0 then ||L(v)|| < &, 80 lim,o L(v) =0. O
Prove of proposition:

Proof. Since f is differentiable at xq, we have
f(zo+v) = f(zo) + L(v) + [[v]la(v)
where lim,_,o @(v) = 0. Now take the limit v — 0 of both sides we have
lim f(zo +v) = f(wo)

So f is continuous at xg. O

4.2 The derivative as a matrix

Suppose U C R" is open, f: U — R™.
We say f is differentiable if f is differentiable at all z € U.
If so, we have Df : U — L(R™,R™).

From Linear Algebra we know that there is a bijection between L£(R™,R™) and
the set of m x n real matrix:

laij] «— Llej) = > aije;
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Now let’s consider given f : U — R™, how we compute D f = [a;;(z)]. We first
reduce to the case m = 1 by writing

Then think about F : U — R.

Proposition. f is differentiable at zg if and only if f; is differentiable for all
1 <i<m. If so,
Df|lo = (Df1|1'o’ ""Dfm|:t0)'

Proof. Suppose g : U — R™. Using the uniform norm on R™, we see that
lim, 0 g(v) = 0 iff lim, 0 g;(v) =0 for all 1 <i < m.
Now let L : R® — R™. Then

flzo+v) = (flzo) + L(v)) _

lim =0
v=0 1]
if and only if
i Ji(%0 + ) = (filzo) + Li(v)) _
v—0 1]
for all 1 <i <m, i.e. f;is differentiable at z¢ and D f;|5, = L;. O
Summary:
Dfl|w0
Dfleo = | -
Dfm|$o

where D fi|,, : R” = Ris a 1 x n matrix [ay, ..., ay].

Definition. (Directional Derivative)
Suppose F' : U — R. If v € R", the directional derivative of F in direction v at
T is
F(x + tv) — F(x)
t

D,F|, = %ir%
S dt =0

D, F measures the rate of change of F' if I walk away from z at velocity v.

It’s also helpful to consider

D*F = Tim F(z +tv) — F(z)

t—0+ t
and similarly for D, F. We can prove that

D;F|z = *DtvF|m

Note: D, F exists iff D} F, D F both exist and are equal.
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Example. Consider a special case v = ¢;. Then
| oz, |
=D, F|:
d

T dt
d

T dt
is the ith partial derivative of F'.

Proposition. If F': U — R is differentiable at x, then D, F|, = DF|,(v).

(F(z1, .oy @i + 1y ooy ) |t=0

(F(‘Tl, eeey mi717t7xi+17 -~~amn))|t:z

Proof. If v = 0 then both sides are 0.

If v # 0, then tv — 0 as t — 07, so differentiability of I’ implies
F(z +tv) — ((F(x) + L(tv))

lim =0
t—0+ [|tv]|
where L = DF|,. So
F —F
lim LEF = F@) oy g
t—0+ t
i.e. DYF|, = DF|,(v). Then D, F|, = —D* F|, = —L(—v) = L(v). O

If DF|; = [a1,...,ay) then a; = DF|,(e;) = De, F|, = D;F|;. So we have
DF|, = [D1F|g, ..., DnF4)

Summary: if f: R” — R™, then

Df
Df=1| .. = [D;, fi]
Dfm
Example. Let f:R?® — R? with f(x,y,2) = (22 +9? + 22, 2y2). Then
2
Df = [1 2y 3z ]
yz Tz Ty

Note: Just because D;F, all exists doesn’t mean that I is differentiable at z.

Example. Let F : R? — R be given by

] 0 zy =20
Flz,y) = { H(x,y) otherwise

where H(x,y) is any arbitrary horrible function. Then
DiFlo = DoFl|o =0

but F may not even be continuous.
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We can even have D, F' well defined for every v, but F' is not differentiable.

Example. Let S* = {v € R?|||v|| = 1}. Choose h : S — R to be any function.
Define F : R? — R by

Flo) { Il 00

Then D} F|o = o[l (o). If we let h(—v) = —h(v) then DfF = D F, so
D, F is well defined. Now if F is differentiable, D, F|o = DF|o(v), so h(v) would
have to be a linear function on S*; but h is arbitrary except the one condition

above.

A criterion for differentiability: Let U C R™ be open.

Definition. C'(U) = {f : U — R| for 1 < i < n, the partial derivative D; f|,
exists for all z € U and is a continuous function of x}.

Example.
2
F(x,y,z) — eCos® y+z yQZ c CI(RS)

Theorem. If F' € C1(U), then F is differentiable on U. Tools used in proof:

e Alternative characterisation of differentiability in 4.1;

o If lim, 0 g(v) = wo and lim,_,, f(v) = 2, then lim, o f(g(v)) = 2;

e Suppose b : U — R is bounded on B, (vg) for some r > 0. Then lim,_,, b(v)a(v)
0 if limy_y,, a(v) = 0.

Proof. (of the bullet point):

Since b is bounded, there exists M € R s.t. |b(z)] < M for all v € B,.(vp). Since
lim, 0 a(v) = 0, given € > 0, there exists § > 0 s.t. |[a(v)|| < £ whenever
v € Bs(vg). Then let 6’ = min(d,r). We have ||b(v)a(v)|| = ||b(v)]|||la(@)]] < e
for v € Bs(vg). So limy,_yq, b(v)a(v) = 0. O

Proof. (for n = 2)
We want to estimate F(x + v) — F(z) for small v. Since U is open, Ir > 0 s.t.
B.(z)CU.

From now on we assume ||v|| < r (since v is small that’s reasonable). So =’ € U.
Since D¢ F exists, we write

F(2') — F(z) = F(x1 +v1,12) — F(z1,22) = v1DF|,; + |v1]|ay(v1)
where lim,,, 0 a1 (v1) = 0. Similarly
F(z +v) — F(2') = vy - DoF|; + |va]|az(vs)

where lim,,, 0 aa(ve) = 0.
Mistake! Here as(ve) depends on vy.

Instead, apply l-variable mean value theorem to f(t) = F(x1 + vi,z2 +t) to
write
F(z +v) = F(2') = v2D2F | (y)
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where z'(v) = (21 4+ v1,22 + h(v)) where 0 < h(v) < ve. Then as before, we can
add to get
F(z +v) = F(z) = L(v) + [[v|| E(v)

where | | ‘ |
v (
E@) = i—ai(v1) +i—t(DaF|w ) — D2F|y)
o] [[v]]
= E»(v) +E1(v)

Note that ||z (v) — |2 = (v? + h(v)?)%5 < ||v||2. So lim, ¢ 2" (v) = 2.
Now D5 F is continuous, so lim,_,g Do F|,» — Do F|, = 0.
We'll show that as v — 0, Eq(v), E2(v) — 0, then we are done.
e Fi: Asv — 0, ' — x. Now Dy F is continuous, so
lim (D2 F|yr — D2 F[;) =0
' —x

So
lim (DQF‘I/ — D2F|I) =0

v—0

Now \|\1;2|‘\ < 1 for all v € R?\{0}, so by lemma E; — 0.

e F5: lim, ,ov; = 0 and lim,, 0 a(v1) = 0, so lim,,0a1(v1) = 0. Same as
above we get Fs — 0.

(Refer to DC notes last page of Section 6.1 (p66).)

Example. Let V = M,,(F) 2R", f:V = V by f(z) = 22. Then
flx+v)=(z+v)? =2+ 2v+ve+02 = f(2) + Lp(v) + 02

where
L,(v) =2v+ vz

is linear in V. Compare with the definition we get

DF|, = Lz.

4.3 The Chain Rule

Theorem. (Chain Rule)
Suppose g : R® — R™ is differentiable at z, and f : R™ — R/ is differentiable at
g(z). Then fog:R" — R is differentiable at =, and

D(fog)|x = Df|g(w) ng‘w
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Example. Suppose r : R — R" by r(t) = (ri(t),...,mn(t)), F : R* = R,
For:R—R.
Then D(F or)|; is a linear map R — R given by 1 x 1 matrix [%(F or)],
Dr|; : R — R™ is given by

r1le

Tl
and DF|; : R™ — R given by

[D1F|rtys o DnFlrp)]

So D(F or) is given by matrix multiplication:

D(For)= Z DiFlyqy - mi(t)]e
i=1

Now back to the theorem. Since g is differentiable, g(x + v) = g(z) + (L1 (v) +
[lv]|a(v))(= e(v)) at « where Ly = Dg|, : R — R™ and lim,_,o a(v) = 0.

Lemma. lim,_,ge(v) = 0.

Proof. g is differentiable at x+ = ¢ is continuous at x. Done. O

Lemma. 3r > 0, s.t. Hi(ﬁ)'” is bounded on B,.(0).

Proof.
[le()]] v
= [[L1(77) + a(o)]]
]| ]l
v
<L (=l + lla(v)]]
]|
write v/ = ToT> SO [lv|| = 1.
L, is linear, so continuous. {v € R"|||v|| = 1} is closed and bounded in R™, so

by MVT, IM s.t. ||L1(v")]| < M for all v with ||o'|| = 1.

lim,_,o a(v) =0, so Ir s.t. ||a(v)]| < 1 for v € B,(0).

Then for v € BT(O),HE(UU‘?” << M+1. O

Proof. (of Chain Rule)
f is differentiable at g(x), so

fg(@) +w) = f(g(x)) + LLz(w) + [[w]|B(w)

where Ly = D f| () and lim,, 0 B(w) = 0.
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flg(z +v))

fg(z) +e(v))

f9(@) + La(e(v)) + |le(v) ][ Ble(v))

f9(@) + La(La(v) + La([[v]|a(v)) + [le(v)]|B(e(v))
f9(@) + (Dflg() - Dygle)(v) + [[v]| E(v)

where
E(v) = La(a(v)) +

we must show that lim,_,g E(v) = 0 and then we are done.

We know lim,_,g a(v) = 0. L is linear, hence continuous, so lim,,_q La(w) =
L5(0) = 0. Thus lim,_,¢ L2(a(v)) = 0.

By the above second lemma, 3r > 0 s.t. Hle‘(:l)lll is bounded on B,.(0). By the

above first lemma lim,_,o e(v) = 0.
We know lim,, 0 B(w) =0 = lim,_,0 B(e(v)) = 0.

Then by last lecture’s lemma,

So lim, 0 E(v) = 0. O

Application of Chain Rule:
e The gradient.

Suppose F': U — R, where U C R™ is open. DF|, € L(R™,R).

Recall from LA that R™ = L(R™,R) by v — ¢, : ¢(w) = v - w. That sends
VF|; to DF|; = [D1F|g, ..., DpF|g] where VF|; = (D1F|y, ..., DpF|y) is the
gradient of F at x.

So
D,F|, = DF|,(v) =VF|, v
e Mean value inequality.

Definition. (Convex)
liie

Proposition. Suppose U C R™ is open and convex, and F': U — R is differen-
tiable. If ||VF|z||l2 < M Vo € U;. Then

|F'(21) — F(z0)| < M|[z1 — x0]|2

for all zg,xz1 € U.
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Proof. Let 7 : [0,1] — R™ be given by
v(t) = (1 = t)ao + tay
then + is differentiable and +/(t) = 21 — z¢.

Let f(t) = F(v(t)). By Chain rule, f is differentiable and f'(t) = VF|,) - ' (t).

By Cauchy-Schwartz,
P OF < IVELyll - e — o]
< M|y — o]
Apply 1-variable MVT to f(t), we see that
|F(21) = Fzo)| = [£(1) = £(0) = [f'(c)

for some ¢ € [0, 1]
< M|y — o]

O

Corollary. If U C R™ is open and convex, F' : U — R has D;F = 0 for
1 <i<n. Then F(x) = ¢ for some ¢ € R.

Proof. D;F =0 = F differentiable —>
[F(x1) = F(zo)| <0 [|lz1 — 0l =0
for all z1,x29 € U. O

Remark. The hypothesis that U is convex is needed for the proposition, but
can be weakened for the corollary.

Example. Suppose any 2 points z1,xg in U can be joined by a differentiable
path 7 : [0,1] — U with v(0) = o, ¥(1) = x1. Then the corollary still holds.

Proof. Consider f(t) = F(~(t)). en f'(t) = DF|,4)(7'(t)) by the chain
rule. D,F =0 = DF =0 = f (t) =0 = f(t) is constant. So
F(zo) = £(0) = £(1) = F(a) for any zo,z1 i U. o

However, the corollary does not hold if U is disconnected. In fact it holds
whenever U C R™ is open and connected.

4.4 Higher Derivatives

Q: If the derivative is a linear map, what is the 2nd derivative?
A: 2nd derivative is a symmetric bilinear form.

Suppose U C R"™ is open, f: U — R™ is differentiable.

Fix v € R™ and define g, : U — R™ by
go(z) = Df|2(v).
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Definition. f is twice differentiable if all g, are differentiable. If so, define
D? f|,(v,w) = Dy, (w), i.e.

D*fl, : R" x R* — R™

Example. V = M,,«,(R) & R™. f:V — V is given by f(x) = 2%. Then from
previous section we know

ga(X) = DF|x(A) = XA+ AX
Differentiate ga(X), get
ga(X+B)=A(X+B)+ (X + B)A

= (AX + XA) + AB + BA
= ga(X) + La(B)

where Ly (B) = AB + BA is linear in B.
So D,,|x(B) = AB+ BA = D*f|x(A, B).

Note: D2fx(A,B) = D2f|X(B,A)

Lemma. Suppose f : U — R™ is twice differentiable, let B(v,w) = D?f|, (v, w).
Then B is a bilinear form.

Proof.
Gor 2w, (2) = D flz(v1 + Avg)
= Dfls(v1) + AD f[2(v2) = gu, (%) + Agu, (@)

So differentiating we get linearity in the first argument. Similarly we can prove
linearity in the second argument. O

Suppose F' : U — R is differentiable. Then the partial derivatives D;F : U — R
are all defined.

Notation. Write D;;F' = D;(D,F) if it exists.

Definition. C?(U) = {F : U — R] all 1st and 2nd order partial derivatives of
F are defined and continuous }.

Proposition. If F' € C?(U), then F is twice differentiable and

D*F|,(v,w) = Z v;w; D, F(z)

1<i,j<n
Proof. Let G<i = D;F. Then all 1st order partial derivatives of G; are defined
and continuous so G; is differentiable.
Then for v € R", Gyz) = DF|o(v) = >0 <jcn ViDiFle = > viG(x).

So for a fixed value of v, G, (x) is a linear combination of the G;s. Since all of
them are differentiable, G, is differentiable. So F' is twice differentiable, and
D*F(v,w) = DG, (w) = Z1§j§n w;D;Gyly = Z1§j,i§n vjw; DjiF . 0
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Now D;(Gy) = D; (37, viGi) = Y1y viD;Gy = Y00 viDji F.

Equivalently, D*F|,(v,w) = W*Bv where B = [D;;F|,] is the Hessian matrix
of 2nd order partial derivatives.

Example. F(z,y) = 2%y>. Then
B— 2% 6ay?
6zy? 62y

Recall that if U C R" is open and F € C%(U), then D*F|, : R" x R"” — R is
bilinear and given by

D?F|,(v,w) = Z viw; Dy F|, = wl H(z)v
1<i,j<n
where H(x) = [Dj; F|,] is the Hessian matriz.

Theorem. (symmetry of mixed partials)
Suppose U C R? is open and F € C?(U). Then DioF = Dy F.

Note that it’s not enough for the partial derivatives to be defined. They must
be continuous or the theorem may fail (see example sheet).

Lemma.

. S(v)
D12 F|(2,40) = 11}1_r)r(1) v2
where

S(v) = F(zo+v,y0 +v) — F(zo + v,y0) — F(x0,y0 +v) + F(z0,%0)

Proof. Since U is open, there exists € > 0 s.t. B<((%0,%0), || - |[|eo) C U.
From now on, assume |v| < /2.

Consider A(y) = F(xo + v,y) — F(zo,y). Fix v with |v| < /2. Then A is
differentiable on (yo — /2,y +€/2), and

A'(y) = DaF(z0 +v,y) — DaF(x0,y)
Note that S(v) = A(yo +v) — A(yo). So by MVT,
S(v) =vA'(y")
for some y* € [yo, yo + V]

=v[DoF(x¢ + v,y") — Do F (g, y")]
= U[B(l‘o +v) — B(xo)]

where B(z) = Do F(x,y*).
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B is differentiable on (zg — €/2,x¢ + £/2), agetB’(z) = D12 F(x,y*). Applying
MVT to B we get

S(v) = v?B'(z*) = v’ Do F (z*,y")
for some z* € [xo,zp + v]. Note that we have

(2" (v), 57 (v)) = (@0, Yo)lloo < [[v]]oo

So
lim (2" (v), y*(v)) = (20, Yo)
v—0
Then ()
. v . * *
lim —5° = lim D12 F(2"(v), 4™ (v))
= D12F (w0, y0)
Since D15 is continuous. O

Proof. (of theorem)
The expression S(v) is symmetric under interchanging roles of z and y. Similar
arguments as in the above proof shows

. S
Dy F (20, 10) = lim v) = D12 F (20, yo)

v—0 1}2

So they are equal.

O
Corollary. If U C R" is open, G € C*(U), then D;;G = D;;G for all 1 <i,j <
n.
Proof. Apply the theorem to F(z1,20 = G(x1, 2, ...21(%), ..., 22(j)y ooy ). O
In other words, if G € C*(U), the Hessian matrix H = [D;;G|,] is symmetric:
HT = H.

Corollary. D%G|, is symmetric. i.e. D2G|,(v,w) = D*G|,(w,v).

Proof. D?G|,(v,w) = wT Hv is a 1 x 1 matrix, so symmetric. Take its transpose
and we get the other side of the equation. O

Higher derivatives are defined inductively: If F' : U — R is (k — 1) times
differentiable, then
D*F | (v1,...,v5) = DG, (vg)

(if exists) where
G(x) = D* ' F e vy, oo vk 1)



4 DIFFERENTIATION 42

The same proof as for k = 2 shows that if F € C*¥(U) then F is k times
differentiable, and

D F|r(vla"'avk) = UaDozF|m
ac{l,...,n}k
where
k
v =] vie,
i=1
where

Vi = (Vi,15 s Viin)
Q= (ala"'aak)
If we let A(vy,...,v;) = DEF|,(v1, ..., vx), then A is
1) Symmetric: A(vy,...,vx) = A(vy, ..., v;, ) where (i1, ..., i) is any permutation
of (1,...,k);
2) Multilinear: (vq + Avi, va, ..., v) = A(v1, Vo, ..., v ) + AA(V], Vo, ...y VE).

Proposition. Suppose ' € C*(U) and define
f(t) = F(ag + tv)

for xy € U. Since U is open, f is defined on (—¢,¢).
Then f is k—times differentiable and

() = D*F|,0 4 0(v, v, ..., v)( k times)
Proof. Recall that if G € C*(U) and g = G(zo + tv) then ¢'(t) = DyGlagtto =
DGlag+10(v).
The proof is by induction on k:
k =1 is exactly the above equation applied to G = F.

For the general case, suppose the proposition holds for £ — 1. Then let

At = 150
= Dk71F|x0+tv(’U, ...,’U)
= H(zo + tv)

where H(z) = D¥1F|,(v,...,v).
Apply the above equation to G = H, get

fEt) =W (t) = DH|pys00(v) = DFF|pyit0(v, ..., v) (k times)
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Theorem. (Taylor’s Theorem)
If F € C*(R"), then

1

k" DkF|xO+tv(’U, cony ’U)

k—1
Lo
F(zo+v) = ; ﬂD Flz (v, .ccyv) +
for some t € [0, 1].

Proof. Consider f(t) = F(xzo + tv) as above. Then by Taylor’s theorem in 1
variable, we have

- L ] 1 k k
F) =22 5001+ P01
=0

for some t € [0, 1], i.e.

k—1
1. 1
F(x+v) = E ED Flp (v, .yv) + EDk|w0+w(v, iy V)
i=0 ’
O

Remark. D¥F|, (v, ...,v) is a degree k polynomial in the coefficients of v s.t.
all the k" order partial derivatives agree with k*" order partial derivatives of F'
at xg.
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5 Metric spaces

5.1 Basics

Definition. lie
Example. liie

Definition. (open and closed sets)
liie

5.2 Lipschitz Maps

Suppose (X,dx) and (Y, dy) are metric spaces.

Definition. f : X — Y is k—Lipschitz (kK € RY) if dy (f (z1), f (z2)) <
kdx (331,332) for all X1, T2 € X.
f is Lipschitz if it’s k—Lipschitz for some k& € R™.

Proposition. f is Lipschitz implies that f is uniformly continuous.

Proof. Suppose f is k—Lipschitz. If d (z1,x2) < €/k, then d(f (z1), f (z2)) <
E. O

Proposition. Suppose U C R" is open, F € C!(U), and k = B, (x¢) C U.
Then F|j, is Lipschitz.

Proof. F is C', so the map

U—R" —R
x = VF|x —||[VFk||

is continuous.

k = B, (xq) is a closed and bounded subset of R™. By the Maximum Value

Theorem, IM € R s.t. ||VF|x|| < M for all x € k. k = B, (x¢) is convex, so by
Mean Value Inequality,

[F'(x1) = F(x2) | < Ml[x1 — Xl

ie.
d(F (x1), F (x2)) < Md(x1,x2)
for x1,x5 € k. O

Proposition. If f : Y — Z is k;—Lipschitz, g : X — Y is ko—Lipschitz, then
fog: X — Zis kyko—Lipschitz.
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Proof.
da (f (g (1)), f (9 (22))) < kady (g (21) , g (22))
< kikody, (71, 72)
So The composition of Lipschitz maps is Lipschitz. O
Proposition. If || - || and || - ||" are two norms on a vector space V, then || - ||

is Lipschitz equivalent to || - ||" if and only if both the identity maps from V
equipped with one norm to the other norm are Lipschitz.

Definition. Suppose V, W are finite dimensional normed vector spaces.
If L € £L(V,W), the operator norm

L(v w
Ll = sup WEOW o 1129
vevivzo |[Vl|v [[v]=1

The maximum exists since S is closed and bounded in V = R".

Lemma. || - ||op is a norm on £ (V,W).

Proof. Omitted. O
Proposition. If ||Li||o,p = k, then L, is k—Lipschitz.

Proof.
1L (v1) = L (v2) [| = [IL (vav2) ||

< k[lvi — 2|

Since ||L||op = k. O

5.3 Contraction maps

Suppose X is a metric space and f: X — X.

Definition. = € X is a fized point of f if f (z) = «.

Definition. f" = fo fo..o f (n times) :X — Xit the composition of f with
itself n times.

If f is k—Lipschitz, then f™ is k™-Lipschitz.

Definition. f: X — X is a contraction map if f is k—Lipschitz for some k < 1.

Theorem. Suppose X is a complete metric space, f : X — X is a contraction
map. Then f has a unique fixed point.

Proof. Suppose f is k—Lipschitz for some k < 1.
Lemma. If z € X, then d (z, f" (z)) < 14d (z, f (z)) regardless of n.
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Proof. f™ is k™ Lipschitz, so

a(f" @), S @) =d (" @), 1 () (@)
<K'd (o, f (@)
So
d(@, " (2)) < d (@, f () + o+ (7 @), " (@)
<d(x, f(x))+kd(z, f(x)+ ...+ k" d(z, f(z))

1— k"
= d (e f (@)

1

Proof of Theorem:
Pick € X and consider (f" (z)).

This sequence is Cauchy: if m > n, then

d(f™ (x), f* (@) =d (f" (@), f* (f"7" (2)))
< knd (z, f7 (x))

n

< 754 f (@)
We know k£ < 1, so
ILm k" (W) =0

So pick N s.t. the above is less than ¢ for all n > N. Then if m > n > N,

kn

A" @) S @) < 1

d(z, f(x)) <e

So (f™ (z)) is Cauchy. So it converges to some z*.

*

We claim that f (z*) = «*: since f is Lipschitz, f is continuous, and f" () — z*,

so f(f"(x)) — f(z*). But f**!(z) = 2*. So f (z*) = z*.

We also claim that xz* is the only fixed point: Suppose f(y) = y. Then

d(f (x*) vf(y)) = d(.’b*,y) But d(f (x*)vf(y)) < kd (x*,y), since f is a con-
traction where k < 1, this can only happen if d (z*,y) =0, i.e 2* = y. O
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6 Solving Equations

Problem: Suppose U C R™ is open. f:U — R™ is C! and f(zg) = yo. Can we
solve f(x) =y for y close to yo?

If so, what does the set of x close to xg solution look like?

There are three cases:
a) n < m. For 'most’ y € R™, there is no solution. Idea: dim(U) < n < m.

b) m = n. If y is sufficiently close to yo and D f|,, is an isomorphism, then there
is a unique solution near xy (inverse function theorem).

¢) m < n. If Df|,, is surjective and y is close to yo, set of solutions near x
looks like B.(0) C R™~™ (implicit function theorem).

We'll prove (b) and use it to prove (c).

6.1 Newton’s method

n = 1: solve f(z) =y* =y.

Approximate f by graph of it’s tangent line at (xq, f(x0)).

g(x) = f(wo) + f'(20)(z — o)

*,

solve g(z1) = y*:

_ y* — f(xo)

1 = X9 + 7‘](./(330)

Now repeat: )
B y* — f(r

To =x1 + 7]”(:61)

and etc. Hope that (z,) — a* with f(z*) = y*.
General case: f:U C R"® — R™: approximate f(z) near x = z¢ by
9(x) = f(@0) + D [lae(x — o)
solve equation () = y: 21 = 20 + (D flee)~ (s — f(z0)).
Repeat: z2 = 21 + (D fl2,) ' (y — f(21)) etc.
Equivalently: define n,(z) =z + (Df|.)"!(y — f(z)). Then
(1) = (ny(20))

(the kM iterate of n,).
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If x is a fixed point of n,, then

z=z+ (Dfl.)" 'y — f(2))
0=(Dfl)" y— f(=z))
= 0=y— f(2)

= f(z)=y

so we have a solution.

So if we knew n, was a contraction map, we would get a solution.

48

Problem: This only makes sense if Df|, is invertible. Analyzing (Df|,)~! term

is painful.

Modified Newton’s method:

Suppose f : U — R" is C', f(x0) = yo and Df|,, = A is invertible where

A :R"™ — R" is a linear map.
Approximate D f|, by Df|s, = A, i.e. consider

Ny(z) =+ A7y - f(z))

If Ny(x) = z, then f(x) =y so we found a solution.
Is N, a contraction map when z is close to x¢?

Compute

Ny(z) = Ny(a') =2+ A7y + f(z)) - ('
=z —a' + A7(f(2) - f(l”))
= AT (A(w) = f(z) — (A(2) -
= A7 (h(z) — h(a"))
where h(z) = A(z) — f(x).

Notice:
Dh|w = DA|m — Df|w
= A|r - Df|ac
= Df|xo - Df|:c

C! maps: Df =U — L(R",R") = M,,,n(R) = R™".

fis C' if Df is continuous.

. 2 .
Note: Since all norms on R™ are equivalent, we can use whatever norm on

L(R™ R™) we like.

For applications: use operator norm || - ||op-
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Lemma. If || Dh,||op < M for all z € B, (), then ||h(x)—h(z’)||2 < My/n||z—
2'|| for z, 2’ € B,(xg) (n is the dimension of space).

Proof. let h; be the it" component of h. Then
|1Dhilo|| = || Dhlz(ed)|l < M - [leil|2 = M
So by Mean value inequality, |h;(x) — hi(z")| < M - ||z — 2'||]2. So
1h(z) = h(z') < VnM - ||z — /||
O

Proposition. Given ¢ > 0, there exists ¢ > 0 s.t. N, is e—lipschitz on Bj(zo).

Proof. f is C*, so choose § > 0 s.t.

€
[Dh[s|| = [IDfls — Dflaollop < o=
oo ||A 1H0p'\/ﬁ

for x € Bs(xp), so

1Ny (x) = Ny (")l = [|A~} (h(x) — h(z"))]]
< [ A lopll(x) — R(z")]]
<A lop - Vale/ V- A lop) - (Il = 2l])

6.2 The Inverse Function Theorem (See alternative notes)

Let U C R™ be open, f(xg) = yo, and f : U — R" is C', A = Dfly, is
invertible.

Let a = ||A7|op, so that
1471 (@) || < allv]]
for all v € R".

Lemma. 3n > 0 s.t. Df|x is invertible for all x € B,, (xo).

Proof. f:U — R"is C!, so the map

a:U —L(R"R") —R
x —=Dflx — det (D flx)

is continuous.
R — {0} is open in R, so ! (R — 0) is open in U.

a ! (R —{0}) = {x € U|Dfy is invertible}. xo € ™! (R — {0}), so In > 0 s.t.
B, (x0) Ca™ ! (R=0). O
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Consider Ny (x) =x+ A7 (y — f (x)) (Modified Newton’s Method).

Fix rg s.t. 0 <rg <n and Ny is 1 Lipschitz on B, (xo). By the lemma, D f|x
is invertible for x € By, (xo).

We want IV, to be a contraction map.
Problem: Ny (B, (xo)) need not be in the region where N, is contracting.

Solution: require y to be close to yp.

Proposition. (2) Let r (y) = 2ally —yol|. If 7 (y) < 7o, then Ny : B,(y) (x0) —

Br(y) (XO)~

Proof. Suppose x € B,(y) (Xo). Then
[Ny (x0) || < Ny (x) = Ny (x0) [| + [Ny (x0) — o]

1 _
< EHX*XOH +[A™ (y = yo) ||

IA

1

5" (y) +ally — yoll
1 1

=57 (y) + 5" (v)

=r(y)
So Ny (x0) € Br(y) (Xo). O
Proposition. (3) Suppose r < ro. If y € B (¥0), then there is a unique
X € By (x0) st. f(x) =Y.
Proof. f(x) =y < Ny (x)=x.
Ny: If y € B, 24 (y0), then 7 (y) =, so by the previous proposition,

Ny : B, (x0) = B, (x0)

r < 1o, so Ny is +— Lipschitz on B, (x¢), i.e. Ny : B, (x9) = B, (x0) is a
contraction.

B, (xq) is a closed subset of R™, which is complete, so B, (x¢) is complete. Thus
there is a unique x € B, (xp) such that Ny (x) = x, i.e. there exists a unique
X € By (x0) st. f(x)=Yy. O

Note: 7 (y) = 2ally — yol|, so 7 (y) <7 => y € B, /2, (y0)-

Remark. Ify € BT/QG (yo) for 7 < rg, then it’s in BTO/QG (¥0), so the proposition
implies that there is a unique x € B, /24 (yo) with f (x) = y and x € B, (xo)-

Proposition. (4) There are open sets V C U, xg € V, W C R", yg € W s.t.
flv : V= W bijectively.
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Proof. Take W = B, /4, (yo0). f is continuous, so f~1 (W) is open. Take
V= f7H(W) N By, (x0)
which is open.

Given y € W, there exists = € BTD/2 (x0) with f(x) = y by the previous
proposition. Moreover, this x is the unique x in that open ball. So x € V =
f~1 (W) N B, (x0) and is the unique such element. O

Proposition. (5) Let g : W — V be the inverse of f. Then g is continuous at
Yo-

Proof. If y € B,./ga (yo), then g (y) € B, (xo) by proposition 3, i.e. if ||y —yol| <
d, then ||g (y) — g (yo) || < 2ad. So g is continuous at yjq. O

Proposition. (6) g is differentiable at yo and Dgl,, = A~

Proof. Note that g (y) satisfies Ny (g (y)) = g (y), so if y € B, 24 (y0), 9 (y) €
Ny (Bry) (x0))-

Now Ny, : By (x0) = Biy(y) (x0) is € (r (y)) — Lipschitz, by proposition 1 where
e(r(y)) = 0asr(y)—0.

So Ny (Br(y) (%0)) C Be(r(y))r(y) (Ny (X0)), i-e. g (y) = Ny (x0) + E (y), where

IE(y) ]| <e(r(y))-r(y)
= e(r(y))2ally — yol|
=x0+ A (y—yo) + E(y)

e IEG)
y
< 2ae(r(y))
[y = yoll
and e(r(y)) — 0 as ||y — yo|| — 0. So the above equation says that g is
differentiable at yo, and Dgly, = AL O

Definition. Suppose V.W C R™ are open. f:V — W is a diffeomorphism if
e f is bijective;
e fand f~! are both C*.

Theorem. (Inverse function theorem) Suppose U C R™ is open, f: U — R" is
C! with f (x0) = yo and D f|y, is invertible. Then there are open subsets V C U
and xg € V, W C R" and yg € W s.t. f|y : V — W is a diffeomorphism.

Proof. Let V and W be as in Proposition 4. Then f : V — W bijectively. Let
g=f"':W — V. Must show g is C'.

We know V' C B, (x0) where D f|x is invertible for all x € B, (xg) (hypothesis
of this subsection).

Apply proposition 6 with x in place of xq, we see that ¢ is differentiable at x,
—1
and Dg|x = (Dfl]x)” .
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g is differentiable implies that ¢ is continuous. To see g is C', note that
Dg: W — L (R",R") is a composition
W — V- LR"R")— L(R",R")
y = g(y)
T — Dflx
A— A1

Reformulation: Local change of coordinates:
Suppose U; = f; (21, ...,2,) for 1 <i <mn.

Consider J = (g;]) = (D, f;) = matrix representing D f.

If det (J|x,) # 0 (i-e. Df|x,) then we can use (Uy,...,u,) as a local system of
coordinates near xg.
i.e. we can solve for z;’s in terms of u;’s:

;= g5 (U1, ..., upn).

Example. Polar coordinates: x = rcos6, y = rsinf,
J— cosf —rsinf
~ \sinf rcosf
det J = r i.e. there’s a good change of coordinates between polar and rectangular
coordinates except when r = 0.

6.3 The implicit function theorem

Let F: R®™ — R™ be C!' (n >m), F (x0) = yo.

Problem: Describe F~1 (yg) near xg.

Example. F:R? - R, F (z,y) = 2% — 2.

20

—20 |
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Notation. B = B, (0) ¢ R*¥ = k—dimensional open ball.

Theorem. Suppose F : R" — R™ is C1, f(xg) = yo, and DF|y, is surjective.
Then there’s an open set V C R", xo € V, and a C* map G : B"~™ — R" such
that:

1) F~1(yo) NV =imG;

2) G is injective;

3) DG, is injective for all z € Bl ~™.

ie. if n—m=1, B. = (—¢,¢), F~!(yo) NV is a paramterized curve;

if n — m = 2 then this is a parametrized surface.

For general n —m, we call this is a parametrized (n — m)-manifold.

Example. F (z,y) = 2® —y?, DF|,,,) = [2z,—2y] is surjective <= (x,y) #
(0,0).

Definition. F~! (yq) is smooth at xq if DF|y, is surjective, singular at xq
otherwise.
F~1(yy) is smooth if it is smooth at all x € F~! (yy).

Proof of theorem:

Proof. DF|x, : R — R™ is surjective. So K := ker DF|4, has dimension
(n —m). Choose any m € L (R",R™) with = (K) = R"™. Define f : R" —
R™ x R"™™ =R" by f (x) = (F (x),7(x)). So Df : R" - R™ ¢ R" ™.

Dfy, (v) = (DF|x, (v),m(v)) since D = 7.

Claim: Df|x, is an isomorphism: If Dfl|x, (v) = 0, then DF|x, (v) = 0 =
v € K. But 7 : K — R"™™ is an isomorphism, so 7 (v) =0 = v =0. So
ker Df|x, = {0} = Df|x, is an isomorphism.

By the inverse function theorem, there exists V C R", xg € V, W C R™ xR"™™,
(yo, 7 (x0)) € W, s.t. f:V — W is an diffeomorphism. Let g = f~1: W — V

Then F~1 (yo) NV = f~1 (yo x R""™)"V, s0 g (yo x R""™)AW = F~1 (yo)n
V.

Define G (z) = ¢(yo,20), ¢ is injective implies that G is injective, and D,
injective = DG injective. O
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