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0 Miscellaneous

Some speech

Google lecture’s name to find his homepage and example sheets or probably
some notice of a change of room
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1 Poisson process

Suppose we have a Geiger counter. We model the ”click process” as a family
{N(t) : t > 0}, where N(t) denotes the total number of ticks up to time ¢. Now
note that N(t) € {0,1,...}, N(s) < N(¢) if s <t, N increases by unit jumps, and
N(0) = 0. We also assert that N is right-continuous, i.e. lim,_,+ N(z) = N(t).

Definition. (infinitesimal definition)

A Poisson process with intensity A is a process N = (N(t) : t > 0) which takes
values in S ={0,1,2,...}, s.t.:

(a) N(0) =0, N(s) < N(t) if s < t;

(b)
A +o(h) m=1
P(N(t+h)=n+m|N(E)=n)=1< o(h) m>1
1-Ah m =

Recall that g(h) = o(h) means that L:) —0ash—0;
(c) if s < t, then N(t) — N(s) is independent of all arrivals prior to s.

Theorem. N(t) has the Poisson distribution with parameter At.

Proof. Study N(t+ h) given N(t). We have
P(N(t+h)=j) =Y P(N(t+h)
= JIN () = BN (1) = )
= (1= A)P(N(t) = j) + MhP(N(t) = h — 1) 4 o(h)
So
P(N(t+h) = j) —P(N(t) = j)
h
write p,,(t) = P(N(t) = n), then let h — 0% we get
) = =Ap;(t) + Apja(t) j =1
) = —Apo(t)

with boundary condition py(0) = 1.
We solve po to get po(t) = e **). Then we can use this to inductively solve
P1, P2, ... to get the desired result. O

= -AP(N(t) = j) + \P(N(t) =j — 1) + —

o(h)
h

b

/.
J
/
Po

(t
(t

An alternative derivation from the differential equations:

Let G(s,t) = > ; s7p;(t). Now we take the set of differential equation, multiplying
each one by s/, then we get
oG
— =As—1G
5 = Ms—1)

Then we have
G(s,t) = A(s)ers—D1

We also have G(s,0) = 1 so we should be able to plug in a suitable value of s to
get the desired result (I probably missed that).
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Definition. (Holding/interarrival times) In a poisson process (pp) with param-
eter A, let N(t) denote the total number of ”clicks”. Define the arrival times
To =0, T, =inf{t > 0: N(t) = n}, i.e. the first time ¢ that N reaches n (note
right continuity of N). We also define the interarrival times X,, = T,, — Tj,_1.

Theorem. Suppose Xi,Xs,... are known. Let T, = > ] x;, note N(t) =
max{n : T;, < t}. Then the random variables Xi, X5, ... are independent and
they have the exponential distribution with parameter A (Exp())).

Proof.
P(X; >t) =P(N(t) =0) =e M

So X3 has Fxp(A) distribution. Now consider P(X2 > t|X; = ¢1). This doesn’t
look to make much sense as X7 has a continuous distribution so P(X; = t1) = 0;

however we could could consider the conditional densiy as fxy (z|y) = f’(fii((;)y)

Then P(X2 > t|X; = t1) = P( no arrivals in (t1,t; +¢)| X1 = t1) = P( no
arrivals in (¢1,¢; + t) by independence. This is then equal to P( no arrivals in
(0,t)) = P(N(t) = 0) = e~**. Then continue by induction. O

Proposition. (properties of a poisson process N)

(a) N has stationary independent increments, i.e.:

(i) 0 < t; < .. < ty, then N(t1),N(t2) — N(t1),..., N(tn) — N(tn—1) are
independent;

(ii) N(s+1) — N(s) % N(t) — N(0).

Amongst processes which are right continuous, non-decreasing, has only jump
discontinuities of size 1, (i) and (ii) are characteristics of the Poisson process,
meaning that Poisson process is the only process that has those two properties.
(b) Thinning:

Suppose insects arrive as a poisson process with parameter A\. Each insect is a
mosquito with probability «, or a skeet with probability 1 —«, and the occurences
of the two insects are independent. Then
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(i) the mosquito-arrival process F' is a PP(a\), (ii) the skeet-arrival process is S
a PP((1 —a)A), and (iii) these processes are independent.

Proof. (i) and (ii) are immediate by infinitestimal definition of a poisson process.
For (iii), by independence we mean that P(F(t;) = f1,5(t1) = s1,..., F(tn) =
frsS(tn) = sn) = P(F(t1) = f1,.... F(tn) = f)P(S(t1) = s1,...,5(tn) = sn)
th,.“,tn,j},.“,jﬁ,sl,.“,sn).

The simple case is

f+sefAt s
P(F(t) = £, S(t) = 5) = W)(f * )afa e

(f +9)! f
_ (art)! —ant (1= a)At)? —(1—a)Xt
e e
1! s!
=P(F(t) = fP(S(t) = s)
O
(¢c) Superposition:
F': Flies arrive as PP(\1);
S: Skeets arrive as PP()2), and these processes are independent. Then N =
F + S isa PP(AL + A2). This follows by infinitesimal construction of PP.
(d) Given N(t) =n, write T = (T1,...,T,,), t = (t1, ..., ts), we have fp(t|N(t) =
n) = (3)"nlL(t), where L(t) = 1 iff t; <ts < ... < t,.
Proof. Next time. O

Let’s complete the proof left last lecture.

Theorem. Conditional on {N(t) = n}, the times 77, ..., T;, have joint pdf

n!
JriN@=n(t) = th(t)l{tW,St}

Where L(t) = 1{t1St2§~-Stn}'
Proof. The interarrival times X7, Xo, ..., X;, have joint pdf
fx(x) = A" exp(—A Z z;)

by change of variables, we now have (noting T; = X1 + ... + X;)

fr(t) = Ate e L(t)
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Now for C' C R™, we have

P(T € C|N(t) = n) =

= — efA(tft"))\"ef)‘t"L t)dt
B(V() = n) / ®)

the last equation is because we need ther to be no arrival between t and ¢,,. Now
the conditional pdf of T given N(¢) =n is

1

n!L(t
(M)re—rt /nl© &

TN L () = =2 <y

I think somewhere in this proof we used P(X € C) = [, g(u)du <= fx(u) =
g(u), otherwise the lecture wouldn’t have written this down on a separate
board. O
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2 Continuous-time Markov chains

This is actually quite a complicated topic, so we are going to make a lot of
assumptions to simplify it.

Assume state space S is countable, and we often take S CZ = {...,—1,0,1,...}
(sometimes useful to assume |S| < c0).

Definition. A process X = {X(t) : t > 0} taking values in S satisfies the
Markov property if:

P(X(t,) = j|X(t1) =1, e, X(tn—1) = in—1)
= P(X<tn) = j|X(tn71) = infl)
for all 71,42, ..., ip—1,7 € S, t1 <ty < ... < tp.

We have the transition probabilities p; ;(s,t) = P(X(t) = j|X(s) = i). We,
however, assume the process is homogeneous, i.e.

Dij(s,t) =pi(0,t — ) :=p; ;(t — s)Vs,t,4,j

so the transition probabilities only depend on the duration of time passed
instead of the absolute time. We can then write this as a transition matrix

(Pij(1))ijes = Fi-

Proposition. The family {P; : ¢t > 0} satisfies

(a) Po=1;

(b) P, is a stochastic matrix, i.e. a non-negative matrix with row sum 1;
(¢) Psyt = PsP; for s,t > 0.

Proof. (of (c))

Pij(5+1) = D heg Pik(8)psx(t) by Markov Property which is just the component
form of Psyy = PsP;.

Py, = Py P, is sometimes called the semigroup property (s,t > 0).

(P :t>0) is called a stochastic semigroup. O

General theory involves conditions of regularity.
We assume X is a right-continuous jump process.

Holding times for general chains:

Assume X (tp) = 1.
Let H = inf{t > to : X(¢t) # i}. We have

P(H >u+v/H >u) =P(H >v) (%)

by Markov Property (u,v > 0).

Let G(u) = P(H > u). By (*), we get S5cE = G(v), s0 G(u +v) = G(u)G(v).

We know G(0) =1, and G is non-increasing.
Solution: G(n) = G(1)G(n — 1) = G(1)" ¥n € N. Also G(p/q)...G(p/q) =
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G(p) = G(1)? so G(p/q) = G(1)?/4, hence G(u) = G(1)* for u > 0. We deduce
that G(u) = e~** for some « > 0.

Lemma. A random variable X > 0 has an exponential distribution iff it has
the lack of memory property: P(X > u+v|X > u) =P(X > v) Yu,v > 0.

A MC s a combination of exponential-distribution holding times, and a transition
matrix for the jump chain Y = (Y,) given by Yy = X(0), Y1 = X(T1), where
Ty =inf{t: X(t) # X(0)}, and Y, = X(T,,) where T, 41 = inf{t > T}, : X(¢t) #
X(Ty)}. Y is a discrete-time Markov chain.

gz]

If in state 4, want H, we jump to state j # ¢ with probability 2. Intensity of a

jump is o, and intensity of a jump to state j is g;;.
Note a transition from ¢ to itself is not deemed to be a transition.

We have pi;(h) = gijh+0(j) (j # i), pij(h) =1=3,;pij(h) =1=h ). gij +
o(h) =1—a;h+o(h) =1+ gyh + o(h), where we let g;; = —a;. Now we let
G be the matrix (g;;), with the off-diagonal terms the previous g;;’s, but the
diagonal terms g;; as defined just now (so as to make row sums 0). Now the
off-diagonal terms are non-negative, and diagonal terms are non-positive. We
call G the generator of the chain (otherwise known as the Q-matrix).

. t—0t
Conclusion: £=L =2 « .

Questions of regularity: OK if |S| < oo.

()
pzy t+ h szk Pkg

prm [9k51 + o(h) + pis (£) (1 + gj5h + o(h)
k#j

= pi(t)grs
k
== Pt . G
this is the (Kolmogov) Forward Equation.
pij(t+h) = >, pir(h)prj(t), so P't = GP;, called the K-Backward equation.
Interchange of limits requires justification — it’s OK if | S| < oo.

Now P/ = P,G, we can rewrite this as f’ = fg, which gives f(t) = Ae9'. So the
solution should be P, = Py(=1)e!“ (ie. => 12, %Gk).

In many cases, the solution to the forward and/or backward equation is the
function P = et@.

A mistake has been made! The definition for holding time is wrong. It should
be H = inf{t — to : X(t) # X (to),t > to} (the length rather than the absolute
time).

Let’s look at an example now.
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Example. Let S ={1,2}, G = (Eafg), where o5 > 0. What are the p;;(¢)?

There are only two states, so let’s find

p11(t) = —ap11 + Bp1z,
Ph2(t) = api1(t) — Bp1a(t)

So we get a bunch of differential equations, with boundary conditions p11(0) =
p22(0) = 1. This has a unique solution (check). We get P, = ¢! =3 £ AA" A~

wher we diagonalize G = AAA~!. But e is equal to Diag(eM?t,e**'...). Each
pi;(t) has the form >, e**cg (i, j), where we need to find the constants c(i, ).

Lemma. Let i,s € S. Then either p;;(¢t) = 0 ¥Vt > 0, or p;;(¢) > 0 V¢t > 0 (this
is because our time here is continuous; we can fit in any number of jumps in any
time length with positive probability).

Proof. Assume p;;(T) > 0 for some T' > 0. Then fort > T, p;;(t) > pi;(T)P;(X; >
t —T) >0 (start in j and holding time > t — T", which is positive).

For t < T: there exists finite sequence of jumps from ¢ to j in time T, so
there exists i1,%2,...,%, € S With g;4, g ,i5---9i,,,; > 0, where g; ; is as defined
previously. Then we can just divide the time (0,¢) into n + 1 intervals. Then
Di;(t) > i, (t/(n+1))...ps, ;(t/(n+ 1)) > 0 (this is an applied course, so we
don’t care that much). O

Definition. The chain X on state space is irreducible if Vi,j € S, Vt >
O,piyj(t) >0 ( <— dt > 07pm-(t) > 0)

A distribution 7 on S is invariant (or stationary, or equilibrium distribution) if
m=7P; for all t > 0.

Note: if X (0) has distribution pg, then X (¢) has distribution pu: = poP: (pe(j) =
22 ko (i)pij(t))-

Note: (a) Differentiate 7 = 7P, to get 0 = nG;
(b) If P, = €@ then 7G = 0 iff 7G" =0 forn > 1iff 7>, L.G" = 1 iff 7P, = 7.

Theorem. Let X be irreducible. If there exist an invariant distribution 7, then
it is unique (what a surpise), and p;;(t) — m; as t — co. Can we prove this in
the remaining 11 minutes? Let’s try:

Proof. Let h > 0. Then Y,, = X (nh). So Y is a ’skeleton’ of X. Y is a markov
chain. Since X is irreducible, so is Y. Y has invariant distribution 7, hence 7 is
unique. (?7) Since X is irreducible, Y is aperiodic(?). Hence p;;(nh) — m;; as
n — oo. Since this holds for all h € QF, we deduce that p;;(t) = 7; as t — oo
through the rationals. The conclusion follows by continuity of p;;(-). O

Lemma. The functions p;;(-) are continuous.

Last time we claimed that if Vh > 0, p;;(nh)m; as n — oo, then p;;(t) — m; as
t — oo. However this is wrong as the rate of convergence might depend on h.
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From some theorem in Linear Analysis it is known that if p is continuous then
the above is actually true. But this is an applied course so let’s not assume
Linear Analysis. Let’s now prove it with the following lemma:

Lemma. p;;(-) is uniformly continuous in ¢.

Proof.
i (t+ h) = pij ()] = D pir(B)pij ()] — pij ()]
k
<> pik(W)pr; (D] + [pij (O)[1 = pis(h)]]
kit
< [1 = pii(h)]
<2(1—e %M 50
as h — 0. O

Back to the theorem: let ¢ > 0, 3h s.t. |p;;(t + h) — pi;(t)| < 3eVt. Then
|pij(t) —pij(Lt/thH < %E. Pick N s.t. |p1](nh) — 7Tj| < 5/2 for n > N. For
t> (n+1)h we have |p;(t) — m;| < |pi;(t) — pij ([t/h]R)| + |pi([t/R]Rh) — 7;) <
%s + %5 so done.

FEzxplosion:

Let S be countable. H = (h; ; : i,j € S) is the transition matrix of a discrete
time markov chain Z = (Z, : n > 0) on S. Assume h;; = 0Vi € S. Let
(9; : i € S) be non-negative reals. Inifinitesimal definition of X: g¢;; = g;h;
if ¢ # j, and —g; if i = j. Holding time definition: X (0) = Zy. Given Z, let
Up, Uy, ... be independent exponential random variables, where U,, has parameter
92,-

We define T,, = Uy + ... + U,_1, the time of the n'* jump. X(¢t) = Z, if
T, <t <Thyr.

T, = Too = Yo Uyn. Say the process [explodes if T, < o0], or explodes if
P(Ts < 00) > 0.

We augment the state space S to §' = S U {oo} (cemetery state, means oo is
absorbing). Assume: at T, the chain enters the cemetery state labelled oo.
Such a process is called minimal.

Theorem. The process X, constructed via holding times as above, does not
explode if any of the following occurs:

(a) |S] < oo;

(b) sup, g; < oo;

(¢) X(0) =i, where i is recurrent for the jump chain Z.

Lemma. Let Xi,... be independent random variales, and X; has distribution
Exp(\i—1). Let Too = 357 X;. P(T, < 00 =0if 3"\, ! = 00, and 1 otherwise.
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Proof.

1

Now If > ﬁ < 00, then E(Tw,) < 00. So P(To, = o0) = 0.
The other part will be proven in next lecture.

Problem sheet 2 is online!

For the other part we have

~TIEe™)
1
=
=11 —~ =0
TN
the second equation by dominated convergence. So P(e=T>~ = 0) =1 O

Proof of theorem:

Proof. (a) to (b):(proved? where)

Proof that (b) implies no explosion:

Suppose g + i < v < oo for some 7. Then ) ° is a sum of independent
exponential distribution r.v.s, i.e .U; ~ Exp(g.,). hence gz, U; ~ Exp(1).

Now v>0°U; > Y. 92,U; is sum of independent Exp(1l) random variables,
which diverges with probability 1. So P(T,, < co) = 0.

Proof that (c¢) implies no explosion: We know there are infinitely many n with
Z, =1 (a.s.) since i is recurrent. Now T, > sum of infinitely many indepnedent
holding times in state ¢ = sum of independent Fxzp(g;) random variables which
diverges a.s.. So P(Tw < 00) = 0. O

Example. Let Z be a discrete-time chain with transition matrix H, where
H;; =0ViecS. Let N be a PP with intensity A > 0.
Let X (t) = Z, if T), <t < T, 41, where T}, is the time of the n'* arrival in N.



2 CONTINUOUS-TIME MARKOV CHAINS 13

Now

We have -
AT _ (=A™
(& I = Z TI =€
n=0

So P, = MHE-D" — ¢!G where G = A\(H — I).

Definition. State ¢ of the continuous time MC X is recurrent if P;({t > 0 :
X (t) =i} is unbounded) = 1; it is transient if the above probability is 0.

Theorem. (a) If g; = 0, then i is recurrent.
(b) Let g; > 0. State i is recurrent for X if it is recurrent for the jump chain Z.
Furthermore, i is recurrent if

0

Proof. (a) If g; = 0 then {(X(¢) =4,Vt) = 1.

(b) Let g; > 0. If i is transient for Z, then Z has a last visit to ¢ at some time
N. So X(t) #ifor t > Tny1. So i is transient for X. If 7 is recurrent for Z, the
times at which Z visits ¢ is infinite a.s.. By last theorem, there is no explosion.
So the chain {T}, : Z,, = i} is unbounded a.s.. (T}, is time of n*" jump of X).
Hence i is recurrent for X. Note: the proof implies a non-recurrent state is
transient.

Now - -
/ pis(t)dt = / E: (Lx (50t
0 0
= Ez(/ Lx(1)=idt)
=Ei()_ Unliz,-iy)
1
=N P2, =i
; 9i ( )
1
= —> (H")is =00
9i =
if 7 is recurrent for Z. O

Assume g; > 0Vj. g; = 0.
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3 Birth Process

This is a continuous-time Markov Chain with generator g, n4+1 = Ay, and g, =0
for m # n,n + 1. When in state n, we jump to n + 1 at rate \,, otherwise stay
at m. A, is just a constant, so if A\, = A V,, then this is just a Poisson process.

For a simple birth process, living particles give birth to single offspring at rate A
independently of other offsprings.
Let N; = number of individuals alive at time ¢. Then

" 1 —nAh+o(h)
P(Niyp, =n+m|N, =n) = (m) (AR 4+ 0(h))™(1 = Ah —o(h))"~™ + o(h) = n()\hi; +o(h)

Hence this is a birth process with A, = nA.

Let’s look at another example:

Example. Simple birth with immigration: in this model we have \,, = n\ + ¢,
where A is the birth rate and ¢ is the immigration rate.

Kolmogorov equations:

Forward equation: condition on Ny, p;;(t) = Aj—1pi j-1(t) — Ajpi;(t),4,5 > 0, >
0, so P/ = P,G.

Backward eqautions: condition on Ny, pi;(t) = Nipit1,;(t) — Nipij(t). So
Boundary condition: p; ;(0) = 0; ;.

Facts: p;;—1(t) = 0.

Theorem. For a birth process, the forward equations have a unique solution,
which satisfies the backward equation.

Proof. j =i in Forward equation: p,(t) = —\;p; ;(t). Hence p;;(t) = e~ Nit,
Piiv1(t) = Nipii(t) — Nig1piiv1 (1)
Hence p; ;+1(t) and hence p; ;(¢) by induciton. O

Laplace transforms:
Let g : Rt — R. We define the laplace transform of g,

i) = [ gttt
0
for 6 > 0.
Remember we have the mgf, E(e?®) = [ €% f,(t)dt.

We have the Laplace inverse theorem (in Complex Methods). We know

/efetg/(t)dt = [67%9]80 + /Gefetg(t)dt

=—g(0) +0g(0) =g’

m=0
m=1
m > 2
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Now
0pij — 0ij = Nj—1Dij—1 — AjDij
= (0 + \j)Dij = 6i,j + Nj—1Dij—1
hence the p; ;’s are
1 Aj
TN

pi;(0)

It’s easy to check that this Laplace transform satisfies the ”Laplace” equation of
the backward ”system”,

—0ij 4+ 0pij = APiy1j — Ajpi;

Theorem. The forward equations have a unique solution (p; ;(¢)) which is the
minimal solution to the backward equation, in that, for any other solutions
(mi,;(t)) to the backward equation, we have

pij(t) < mi(1)Vi, 4, t

The lecture thinks the proof might be in a book of Norris, or online notes by
Burostychi 4+ Sousi(?).

If we know in addition that 3, p; j(t) = 1 Vi, then we know p; ;(¢) is the unique
solution to the backward equation, as any other solution 7; ;(t) would have a
sum exceeding 1.

Assume we have a MC X = (X(t)), and jump chain ¥ = (Y;,). Assume g; >0
Vj. Speaking (probably not this word) X via holding time definition. Assume
X is a minimal process. We can define the transition probability:

The (p;,;(t)) satify the C-K equations.
Something we’ve talked about in the last lecture:

(a) (pi,;(t)) = P is the minimal no-negative solution to forward equation P; =
P,G, Py = I. Here minimal: for any non-negative solution 7 we have p; ;(t) <
m;,5(t) Vi, j, t;

a (b) P, is the minimal non-negative solution to the backward equation P/ = G P,
Py=1.

3.1 Strong Markov Property

A Stopping time is a random variable T' taking values in [0, 00) U {oco} such that
{T' <t} e Fr =0({X(s): s <t}), the smallest o-algebra on which every X (s)
for s <t is measurable.

Strong Markov Property: Let X be a MC, with given generator and initial
distribution. Let T be a stopping time for X. Given T < S, and X(T) = 1.
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Then {X (T +¢) : t > 0} is a MP with generator G and initial state X (T") = 1,
which is independent of {X(s) : s < T'}.
The proof is omitted for measure-theoretic reasons.

Hitting times: Let X be a MC, as usual, with generator G. Hitting time of
ACSisTy=inf{t >0: X(t) € A}.

Note: T4 is a stopping time. The jump chain Y has hitting time H4 = inf{n >
0:Y, € A}. Now {T4 < oo} = {Hg < o00}. We call ha(i) = P;(Ta < 0)
(starting in ¢). Then ha(i) = P;(Ha < o0). Hence hy, is least non-negative
solution to ha(i) =1ifi € A, ha(i) =3 cs g;;j ha(j)ifig A

i.e. ha satisfies the equations, and h + A(i) < h/,(i) Vi for any other non-zero
solution h/,.

_gz,zhA(Z) = Zj;ﬁi gi,jhA(j)a ie. GhA =0.

Hence h 4 is the least non-negative solution to:
ha(i)=11if 1 € A,
Gha(i)=01if i & A.

Let ka(i) = E;(T4), and assume ha(i) =1 Vi. ka(i) =01if ¢ € A. Let i ¢ A.
Then kA(Z) = i + Zj;éz' g;;j k'A(]) By SMP, _giikA(i) =1+ Zj;ﬁi gijkA(j)a S0
Gka(i) = —1 for i ¢ A.

Theorem. k4 is minimal non-negative solution to ka(i) = 0 if ¢ € A and
Gka(i)=—-11ifi & A.

Invariant distributions:
Suppose we have a MC X, 7 = (m; : i € §) is an invariant distribution if m; > 0,
>, mi =1, and is invariant if 7P, = 7Vt.

Theorem. Let X be irreducible and recurrent. The distribution 7 on S satisfies
(mP; = 7vt) iff 7G = 0.

Proof. (skeleton proof)
If 7P, = 7Vt, then 7P/ =0 V¢. When ¢t = 0,7G = 0. If 7G = 0, by K-Backward
equation, 7P/ = (rG)P, =0, so 7P, = piPy =7l = . O

Positive recurrence: assume g; > 0 Vj.

Let U; = inf{t > X —1: X(¢) = i}. i is recurrent if P;(U; < o) = 1. Easy to
see this is equivalent to saying P;({¢ : X (¢) = i} is unbounded ) = 1. 7 is positive
(or non-null) recurrent if E,;(U;) < oo.

Theorem. Let X be irreducible, with generator G. The following are equivalent:
(a) every state is positive recurrent;

(b) some state is positive recurrent;

(¢) X is non-explosive with invariant distribution w; = 1/g;m; (i € S).

Proof. (a) = (b) is trivial.
Assume (b). Let ¢ be positive recurrent. Recurrence or not are shared properties
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of X and Y and irreducibility (77). So i is recurrent for X = 4 is recurrent
for Y (777), X is irreducible implies Y is. So every state is recurrent for Y, and
so is for X.

In particular, X starts in a recurrent state, so X is non-explosive. Let i be
recurrent. Let p; = JEi(fOUj' 1(Xs = j)ds) = gijEi(number of visits by Y to j

before 1st return to i) = gijvi(j).

v; = (v;(j) : j € S) is invariant for Y (this is not a distribution). Now

Zujgjk = Z ?[(hjk — 0jk)9;)
=v(k)—vk)=0

where (hji is the transition matrix of Y. So uG = 0.

> =7 = m;. Assuming that 4 is positive recurrent, m; < oo, and hence
(nj/m; : j € S) is an invariant distribution 7. In particular, m; = 1/¢g;m,.

Also, see the printed notes for proof. O

3.2 Reversibility

Fact: If X is a MC with generator G, X irreducible <= Vi,j € S, 3iy,i9,...,1, €
S distinct, with Gi,i1Gi1,inGin,j > 0 (also ) 7é 1+ 1,0, 7& j)

—Lecture on 20180212: half an hour spent on the proof of positive recurrence and
invariant distribution. See printed notes.

For an example, let’s consider a birth-death process again, with g nt1 = Agn,
In,n—1 = [Gn, Where we disallow jumping left from 0, and A + p =1, g,, > 0Vn.

The jump chain is a simple random walk, i.e. jumps take values +1. We know
this SRW is recurrent if A < u, and is positive recurrent if A < p. Invariant
measure for jump chain is p; = (A/p)"(1 — % Hence X has invariant distribution

A(MN/p)t/g; for some constant A by previous result (see printed notes).

When is this a distribution? Let’s try some examples. If g; = g Vi, then X has
an invariant distributon iff A < p. Try another one: if g; = 2%, i.e. when we go
further to the right, we move faster and faster, and suppose we have 1 < A\/u < 2,
then X has an invariant distribution, since > (\/u)?1/2% < oo.

In this case, X has an invariant distribution, but the jump chain is not recurrent
(M > 1) (the chain X is exploding — check).

Theorem. Let X = (X(¢) : t > 0) be an irreducible, non-explosive MC, with
generator G and invariant distribution 7. In particular, 7G = 0. Assume X(0)
has distribution 7. Fix T > 0, and let X (t) = X (T —t). Then X is a MC with
initial distribution 7, generator G = (Gi;) given by (detailed balance equation)
TiGi,j = ﬂ'jgji for 1,] € S.

X is irreducible, non-explosive, with invariant distribution .
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Proof. G is a generator since gij > 0 for all i # j by (the detailed balance
equation). Furthermore, 37, ;; = >, m; %" = %O = 0.

We’ll complete the proof next time.

Now G is a generator, we have

Pi(t) = P(X (u+1t) = j| X (u) = i)
= %Pﬁ(t)

Now prove that X is a MC:

P(Xyy =0, Xty = 1,000y Xp, = in) = P(X(0) = ipy X5, = i1, e Xsy o5, = 90)
= Ty Pinyin_1 (8n)-+-Piyio (51)
= ﬂ—ioﬁio,il (81)"'ﬁin715in (Sn)

for tg < t1 < ... <tp =T, ig,...,in €5, s; =t; —t;—1. Well hopefully this is
correct. So X is a MC with invariant distribution . O

> Pij(t) =17 (pi;(t)) satisfies the forward equation P/ = P;G. Deduce (p;;(t))
satisfy backward equation P/ = GP..
Proof that P; = GP;:

77]/

pi;(t) = me Gki
j T -
=1 Z 7pkj gki

= Z gzkpk]

So P/ = GP. i
We know 7 pij(t) = 3o, Fpjlt) = %w = 1. So X is non-explosive, and

= GP;. So X is a non-explosive MC with generator G. G is irreducible since
G is.

Definition. X is called reversible if, VI > 0, the reversed process X has the
same distribution/law as X. Above, X is reversible iff m;g;; = 7,954, 1,7 € S.
This is called the detailed balance equation.

We say G, \ (generator and distribution) are in detailed balnce if the detailed
balance equations hold.

Theorem. If G, 7 are in detailed balance, then 7 is invariant.
Note that the reverse is not necessarily true.

Proof. Check 7G = 0:

Zﬂ'igij = Z?Tjgji =7; X 0=0
7 7
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Note: in this case, if X (0) has distribution 7, then X is reversible.

Example. (Birth-death chains)
We have g; ;11 = A, Gii—1 = 4, gij = 0 if |i — j| > 2, and go,—1 = 0. Assume
Ai, i > 0 otherwise.

Detailed balance equations:
TiGii4+1 = Ti4+19i+1,iy LiTi = Hi+1Ti41 with ¢ Z 0. Solve to obtain each Tn in
terms of 7.  is a distribution iff we can choose mg € (0, 1) such that >~ m, = 1.
If 3 such a distribution 7 then G, are in detailed balance 7 is invariant, and
X stated in 7’ is reversible.



4 QUEUEING THEORY 20

4 Queueing theory

Assumptions:

(a) Inter-arrival times are iid;

(b) Some queue discipline;

(c) There is a number, k, say, of servers;

(d) Each customer requires a service time, and these times are iid;
(e) After service, the customer departs.

We will denote a queue by: A/B/k, where A describes the distribution of
interarrival times, B describes the service tmies, and k is the number of servers.
For example, we may use ﬁfj to mean exponential Exp(\) random variable, and
we may use D to mean a deterministic interarrival time; or G for some general
distribution.

An example which we will look into is M /M/1 queue.

Let’s consider a A/B/k(= 1) queue. Let X be a typical inter-arrival time, S

be a typical service time. Define p = % to be the traffic intensity. Overall

observation: if p > 1, the queue grows in length; and if p < 1 the queue converges
to some equilibrium.

Now consider a My/M, /1, i.e. arrivals form a PP()), service times are indepen-
dent Exp(p). Let Q: be the number of people in the system at time ¢, including
anybody being served. By the lack of memory property, @ = (Q; : t > 0) is
Markov chain on S = {0,1,2,...}. We have under this model,

Giit1 = A >0,
9ii—1 = 07 = 0,
Gii—1 = pi > 1
And obviously g; ; = 0 for |i — j| > 2.
9i(= —gii;) < A+ p < 00 Vi, so the chain is non-explosive.

For con(?), assume Qo = 0. Let p,(t) = P(Q¢ = n). The K-forward equation is

Pr(t) = Apn_1(t) = A+ p)pn(t) + ppnia(t) n>1
Po(t) = =Apo(t) + pup1 (t)

We can write this as P, = P,G. This may be solved directly to find p,(t) in
terms of a modified Bessel function,

Pn(6) :/ e %p,(t)dt,0 >0,
0

0]577, - Aﬁnfl - (>\ + ﬂ)ﬁn + ,U/ﬁn+17n 2 ]-,
Opo — 1 = Apo — pp1(sign?)

Solve this difference equation as usual: The indicial/auxiliary equation is

pr? — A +p+0)x+A=0
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unique solution that is bounded in 6 is

e A0) £ /(A +p+0)2—4
= o

Note that we can’t have plus here, otherwise the solution is unbounded in 6. So
let the minus solution be a(#). So

Pn(0) = Po(0)(6)"
We have also used the fact that p,, are continuous functions.

Find expression for pg by either using (*), or using Y pn(t) =1,50 Y, pn(0) =
1

y
S0 pu(0) = 2a(6)"(1 — a(6)).

Invariant measures:
Let t — oo in p,(t). It’s easier to solve equation 7G = 0:

Mp—1— A+ )7y + umpye1 =0
Write A/p = p, the solution is

o A+Bp" p#1
"1 A+Bn p=1

) is a measure iff p < 1, in which case 7, = Bp™ with B =1 — p.. So the
unique invariant measure (when p < 1) is the geometric distribution.

We know @ is irreducible (since A, > 0), non-explosive, and (when p < 1) has
an invariant measure. Hence @ is positive recurrent.

Theorem. (Burke)

Let p < 1. Assume @ has the invariant distribution 7. Let D = (D; : t > 0) be
the departure process, i.e. Dy = number of departures up to t. Then D, is a
PP(\) (1), and @ is independent of (D, : s < t).

Proof. The 'reason’ is that @ is reversible.

Let’s just remind ourself: here we are considering a M, /M, /1 queue, where
p=Ap<l.

Let T > 0. Qu := Qi_q (i.e. reversing the chain). By reversibility, Q has the
same probability distribution as @ (subject to an adjustment of continuity at
jump times). Departures in ) correspond to arrivals in Q and the converse also
holds. Therefore D has the same distribution as the arrival process in @, i.e.

PP(N).
For the second part, (o is independent of arrivas in (0, 7'), so Q(7) is independent
of departures in Q. So Qr is independent of (Ds: 0 < s <T). O

Let’s now consider My /M, /oo, i.e. arrivals begin their services immediately. In
a sense, the queue-length at time ¢, Qy, is a type of thinned Poisson process. We
have g; ;41 = A, ¢i,—1 = pi. The queue process () is non-explosive.
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Number of jumps of @ in (0, ¢] is no more than Ny + N; = 2N, where N is the
arrival process, and P(N; < c0) =1 for all ¢.

We look for solutions of G = 0: Try detailed balance equations m;g; ; = 7;g;::
we get

A 1
e 7TZ_1MZ_ e =mo(A/p) F
so1=>m = mpeM*r.
So m = ( %)i%e_)‘u is an invariant distribution. Hence @ is positive recurrent

(as it’s not explosive).

Now let’s turn to the M/G/1 queue. We want to find an embedded/discrete-time
MC.

Let D, be the departure time of the nth customer. Let Q(D,) (= @p,)
(:=Q(D,+)). Then

QD) 4U. QD) =0
@Dn+1) ‘{ QDy) 1+ Un Q(Dy) > 1

where U, is the number of arrivals during the service of the (n 4 1)th customer.

We can write this as Q(Dn41) = Q(Dy) + U, — H(Q(Dy,)), where h(z) = 1 if
x>0andis 0if x =0.

U,, depends on length of (n+1) th service, but is independent of Q(D1), ..., Q(Dy,).
So Q(D) := (Q(Dy,) : n > 1) is a MC. We can study @ by following the embedded
chain Q(D). This is OK in the sense that D,, — oo as n — 0.

We define §; = P(U,, = j) = E(P(U, = j|S)), where S is a typical service length
—As (A5)? ).
7!

(consider tower law). The above is then equal to E(e
The pgf of the §; is A(s) = X2, 870; = E(X; (/\;9_7!5)16—,\5*) = E(e=*5A55) =
E(e*=19) which is exactly the mgf of S evaluated at A(s — 1).

I think last time we considered a M/G/1 chain, and defined D,, to be the time of
nth departure. We also defined Q(D,+). So Q(D) = (Q(Dy,) : n > 1) is a MC.
We had §; = P(j arrivals in one service time), A(s) = >_ §;s/ = E(e}s719) =
Ms(A(s —1)). We know Q(Dyp41) = Q(Dy,) — h(Q(Dy,)) + Uy, where the U, are
independent with pmf 6.

The transition matrix of Q(D) is

do 01 9o
0o 01 62

P=1y So 61 .0 0 &

An invariant distribution 7 for Q(D) solution 7P = 7. Consider m; = md; +
S b (7 2 0).
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For given mp, there exists a unique solution (by iteration). We claim (by symming
over j =0,1,..,n) mpy100 = moe =1 — (6o + 61 + ... + 6,,) > 0Vn. Hence 7, >0
for all n > 0.

n n n j+1
DU ST 3 SETN
§=0 =0 j=0i=1
n+l n
=7o(l —epn) + Z Z Ti0j—it1
i=1 j=i1
n—1 n
=mo(1 —&p) + mny100 + Z Z Ti0j—i41

i=1 j=i—1

=mi(l—€en—it1)

7 is a distribution if mp > 0, Yom = 1, G(s) = Y.0° s'm;, As) = 3,658,
G = 7TOA + %(G - 7T0)A.

Therefore G = %.

We have G(1) = 1. By L’Hopital rule, G(1) = limg ”°A+1’TE(AS,_1)A, = 17’_02,((11))
which is meaningful iff A’(1) < 1. So 7 can be picked s.t. 7 is a distribution iff

A’(1) < 1 in which case 7a =1 — A'(1).

A(s) = Ms(M(s — 1)), and A’(1) = M.(0)A. But M.(0) is the mean of S. So
A'(1) = % = p. So the chain Q(D) has an invariant distribution, and hence
is positive recurrent iff p < 1, and the invariant distribution has pgf G(s) as we
derived. In addition, when p = 1 we have null recurrence and when p > 1 the

chain is transient.

4.1 Waiting time

Let p < 1, and suppose the embedded queue Q(D) is in equilibrium. Let
W denote the (random) waiting time of a typical customer (service time not
included).

Number of people left behind on this person’s departure is the number of arrivals
during my total time W 4 .S. By strong Markov Property, this (random) number
is independent of arrivals prior to this person.

So G(s) = E(eXWHI) (1)) = E(eAW =R (eASE=D) = My (M(s—1)) Mg (A(s—
1)), where My, and Mg are the mgf of W and S respectively; here we also used
the tower law E(SY) = E(E(SY|W, S)). Hence we get My (A(s — 1)) in terms
of G and Mg.

Remember we are considering M/G/1 queue.

A busy period is a maximal interval of time during which the server is continuously
busy. Let B be the length of a busy period. Then E(B) < oo iff Q(D) is positive
recurrent iff p < 1.
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Arriving customer finds queue empty, and is served for a length S. Let j = 1,2, ...
be the arrivals during this time S. first customer is a progenitor of a branching
process, in which the family an individual is the set of arriving customers during
I’s service time (think of number of people that arrive during the first waiting
customer, then the number of people arrive during the first among those...)
This is a branching process. Let p be the mean familty size, F(F(number of
arrivals|S)), the branching process is a.s. finite iff p < 1. So P(B < o) =1 iff

p < 1 where B is the sum of the service times of the individuals in the population.

Let B=S+ ZiA:l B;, where A is the number of arrivals during first service
time. Given A, By, ..., B4 are independent copies of B.

The moment generating function, Mp = E(e*SerSMs-1)) = | (eSls+A(Ms-1I),
Theorem: Mp = Mg(s + A(Mp — 1).

It can be shown that, when p < 1, the equation has a unique solution which is a
mgf.

4.2 Networks of queues

We have a finite set S = {s1, ..., s} of 'stations’. At time ¢, station s; has Q;(t).

Overall state at itme ¢ is Q(t) = (Q1(%), ..., Qc(t)). We will assume that service
times are exponentially distributed.

A typical state is a vector n = (ng, na, ...,n.) € {0,1,...}¢. Let e; = (0,0, ...,0,1, ...

where the 1 is in the i*" position. State space is set of all n.

Generator:

Inn—e;+e; = )‘i,qui(ni),
Yn,n+e; = Vj,

Inn—e; = Mz¢z(nz)

Otherwise gmn = 0 when m # n.

Example. At each station there are r(> 1) servers, and at station ¢, the service
time distribution is Exp(y;). A departing customer at 4, goes to station j
with probability p; ;, and it departs queueing system entirely with probability
1— Zj pij = ¢i- (and independence, and no immigration).

¢i(n) = min{n,r}, Xij = vipij, i = Yidi, v; = 0.

Consider a closed network where v; = p; = 0 and irreducible (for a single
particle). Suppose first that total number of individuals is N = 1, and in
addition @Q;(1) =1 Vi. The individual’s position is a continuous-time MC with
Gij = Aij, © # j. The invariant distribution o = (oi; : ¢ € §), @G = 0 where G is
the generator matrix. Then

Zaj)\ji = aiZ)\ij,i es
J J
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In the general case we hhave N > 1 and general @);. Assume the MC is irreducible.
State space is N = {n € {0,1, ..., }}, or more precisely, Ny = {n: >, n; = N}
(since we can’t gain or lose anyone). The unique invariant distribution v =
(y(n) : n € Ny) satisfies

ZV(H —ei+ej)\jig;*n;) =7(n) Z Aijdi(ni)
)

2%

Try to solve the above equation with ), removed, i.e. |S| = ¢ separate equations,
called the partial balance equations.

Claim: the following solve the partial balnace equations:

vm) =5 H {nm}

where B is chosen so that ) v(n) = 1, where the «; is the previous invariant
distribution.

»Oéi>\ij? ]

Proof, Y0=eite; _ _,6:() Dy e have >N =2

v(n) aid;(n;+1)°

Example. Let’s conside a telephone switchboard, where we have K of incoming
lines. Calls arrive, each requires Exzp()) time by the receptionist, and are
then part through to target, who stays on the line for an Fxzp(u) time, and
independence where neccesary. Calls arrive as a PP with parameter v.

Assume there are infinitely many porters. Model this via the lines (a word not
recognisable?). States are: (1) empty (n1), (2) connected to reception (nz), (3)
connected to target individual (n3). Then ny + ns + ng = K. So we get

A2 =V, A3 = A, A31 = [,
$1(n1) = L, >13,
¢2(n2) = na,

¢3(n3) = n3

) . e 111
It’seasy toget ag gtz =, 1 51 5.

So the unique invariant distribution is

v(n) = B(1/v™)(1/A"n,!)(1/ 1" ng!)
where nq +ns +ng = k.
Now let’s consider open systems (still, assume irreducibility).

Device: Add an extra station labelled oo, with rates as follows: there is a unique
individual with jump rates

)\i,j ].SZ,]SC

gij =4 i 1<¢j=00
v, 1=o00,j<c
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The unique invariant distribution satisfies
B=(Bj:7=1,2,...,c,00)

Boovi + Z BiNji = Bilp + Z Aij)

i700 jes

Let a; = Bi/Boo-

Theorem. The open mutaiton system has unique invariant distribution
(&
i=1

and B; are constants such that ) ~mi(n;) = 1.

’Vl
where m;(n;) = anl WOk

Note: for open system in equilibrium, the queue length at different stations are
independent.
Renewal processes:

Let x1,x2,... be iid, z; ~ lifetime of ith object (think light bulbs). Assume
P(Xl >0=1, E(Xl) < o0

Time of nth change is T,, = X; + ... + X,,, renewal process N (t) = max{n : T,, <
th, N =(N(t):t >0).

If X; ~ Exp(A), N is a PP of rate .
Fact: N(t) > niff T,, <t.

Let Fj be the distribution function of Ty, ie. Fy(x) = P(Ty < z). Tpy1 =
Ty + Xk+1. Hence

Fp1(z) = /0"0 Fy(z —y)dF(y)

where F' = F}.
Notation:
h(y)dF(y) f hiy F' = f density function
(y)P(ﬂﬁ =) F discrete distribution of X

P(N(t) =k) =P(Ty <t <Tpt1) = Fr1(t) — Fi(t) (issue!).
Renewal function: m(t) = E(N(¢)). m(t) = > poP(N(t) > k) = > pe ) Fi(?).

Theorem. m satisfies the 'renewal equation’,

m(t) = F(t) + /000 m(t — z)dF(x)
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Proof. m(t) = E(E(N(¢)|X1)). We consider two cases:

BV O =) ={ oD TS

So
m(t) = /0 I+ m(t —z))dF(x)

=[F(t) - F(0)] + /0 m(t — x)dF (x)

but F(0) = 0. So done. O

Renewal-type equation:
t
ut) =10 + [ e = 2)ap(e) ()

Theorem. The function u(t) = H(t) + fot H(t — x)dF(xz) (**) satisfies (*).
Furthermore, if H is bounded on finite intervals, then p has the same property
and it is the unique solution with this property. (proof omitted).

We introduce F*(0) = [e %%dF(x), ie. if f : [0,00) — R, then f(0) =
fooo e~%% f(x)dx. This is the Laplace-Stieltjes transform.

We have

t

(h s+ m)(t) = /0 h(t — 2)dm(z)
(h* F)(t) = / h(t — 2)dF ()

0

(different from previous convolution operations).

Check: (hxm)« F =hx(m=*F) (so we can write h x m x F).

We know m = F +mx F, Fy41 = Fp,* F = F x F},.

By (*), u=H+Hsm, ux F=HxF+HsxmxxF =Hxm=u—H,
w=H+puxF, ie (*).

m(t) t—oo 1
Theorem. - — 7 ® o

Last time we had X1, Xo,... iid, P(X > 0) = 1, BE(X) < oo, T,, = .| X3,
N(t) = max{n: T, <t.

Limit theorems:

Theorem. (1)

@ — i as t — oo. Here |mu = E[X].
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Tae tnye1 f N(H)+1
Proof. i < x@ < mupa J(V()t) )

ast — oo N(t) — oo a.s.. But Ty /N(t) = p, so t/N(t) — % a.s.. O

Theorem. (2, Renewal theorem)
@ — i as t — oo.
Recall X = (X1, Xq,...) i.i.d., M taking values in {1,2, ...} is a stopping time for
X if {M <m} € 0(X3, X2,...,X;,) i.e. the occurence of the event is determined
by (?) of Xl, ceey Xm

Claim: M = N(t) + 1 is a stopping time. To prove this, just note {M < m} =
(N() <m—1} = {57 X, > 1},
Note: N(t) is not a stopping time.

Wald’s equation: If M is a stopping time for X, then E(Zf\il X;) =E(M)p.

Proof.
M 0o
E(Z x;) = E(Z Xilarsi)
1 1
= E(Xilyxi)

1

(o9}

> HP(M > i)
1

=p Y P(M >i) = pE(M)

Proof of renewal theorem:

t <E(Tn(t)+1) = p(m(t) 4+ 1) since N(t) + 1 is a stopping time (and by Wald).
Nowm(t)/t > 1/p— 1/t = 1/past — co. Sot > E(Tnw)+1 — Xnw+1) =
p(m(t) +1) = E(Xn o 41) (%)-

With a > 0, X = min{X;, a} (truncated rv). This leads to a new renewal process
with m®, Tj?,... . Now use (*) to new process: ¢ > u®(m*(t)+1) —E(Xg,.q) =
a— o0

pt(m®(t) + 1) —a. So we get m(t)/t < (LE2 — 1)1 — 1/u 1. and
E(X%) — E(X) by MCT (as a — 17).

Excess life:

Excess life E(t) = Ty()41 — t: current life C(t) =t — Ty, total life T'(t) =

Waiting time paradox:

Let N be a Poisson process rate X\. Consider E(E(t)):
(correct) (a) Since N is a MC, E(E(t)) = E(X1) = §;
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(wrong) (b) t is likely to be near the middle of the relevant interarrival time, so
E(E(t)) = 553

In fact E(XN(t)+1) = (2 — ef)‘t)%'

The next thing we are going to study is about excess life, P(E(t) > y|X; = z).
It’s obviously 0 if ¢t < < t+y. Now if x < ¢, then it is equal to P(E(t —x) > y);
otherwise, if x > t + y, it’s 1. We therefore have
BB >y) = [ BEW) > ylX1 = 2)dF (2)
t o
_ / P(E(t—2) > y)dF(z) + | dF(z)
0 t+y

Fix y, we then get
u(t) =P(E() > y)

or ju(t) = 1= F(t +y) + [y ult — 2)dF (x).

Solution is p(t) = H(t) + f(f H(t —x)dm(z). Hence, in principle, the distribution
of E(t).

Study the distribution of E(t) in the limit as ¢t — co.

A random variable X is said to be arithmetic (or its distribution is arithmetic)
if I > 0 st. P(X € AZ) = 1. In this case, X is the span of the random
variable/distribution, or more precisely, the span is the maximal such .

Theorem. If X is non-arithmetic, and y = E(X;) < oo, then

t—o00 1 Y
PE() <) = - / 1 - F(a))dx

Proof. Use key renewal theorem. (not done here) O

Example: Consider instead the case when X is arithmetic with span 1. Then

P(X =n)=apn>1Y a,=1

E = (E(n):n >0) is a discrete-time MC. p; ;_1 = 1(: > 2), p;n = ap (n > 1).

Invariant distribution 7 satisfies

Tp = M1 + 771a7b(n > 1)a
T = 71'1(1 — 041),

’/T3:7T2—7T1C¥2:7('1(1—Oé—1—0[2)
hence m, = mP(X >n) =Y " a;. So Y m, =1=mp, ie m, = %Z;}in Q.

If E(0) has distribution 7, then E(n) as well ¥n. And in this sense, the process
is stationary.
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Renewal-reward processes: each X; corresponds to a reward R;.
Costs count as negative rewards.
Assume the pairs (X;, R;) are independent of one another.

Accumulated reward by time ¢ is

N(t)

Ct)=>_ Ri
=1

Renewal function m(t) = E(N(¢)), reward function is ¢(t) = E(C(¢)) (note the
different cases of c).

Renewal-reward theorem: if 0 < E(X;) < 0o, E|R;| < 00, then

C(T) as.. E(R)
t  E(X)
o) | E(R)

i

(X)

=

as t — oo.

Proof. @ = Ziv(t) R;/N(t) - N(t)/t, while the two terms in RHS converge to
E(R) and E(X) a.s €8 = S~V R, /N(t) - N(¢)/t, while the two terms in RHS
converge to E(R) and 1/E(X) a.s., as t — 0o, N(t) = oo. So LHS — ER) as..

E(X)
For the second part,
N(t)+1
c(t) = E( Z R;) —E(Rn(#)+1)
1
= (Wald)(m(t) + 1)E(R) — E(Rx(1)1+1)
Need that w — 0. O

(missing one lecture on 2018/03/07)
Queueing system:
Something happens at each T; (‘regeneration’?)

t >0, Q(t) (reward? lecturer didn’t write anything here); Intervals [T;,7T; 1) are
called cycles.
The processes P, = {Q(t) : T; <t < Tj41} are iid.

N; :=number of arriving customers in ith cycle, N; iid with N = Ny. Write
T="T.

Assume E(N) < 00, E(T) < 00, E(NT) < 0.
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(A) Counsider renewal process with arrival times 77,75,.... Reward R; =
fTJ:"'_l Q(t)dt. Typical reward R = Ry, E(R) < F(NT) < co. By RR theo-
rem,

E(R)

L
;/0 Q(u)du — BT =

and L is known as the ’long-run average length’.

(B) Arrival times Ty, T5, ..., Reward in ith cycle is N;, N(t) is the number of
arrivals up to t. RR theorem:

N(t)  EQN)
=
¢ E)
A is called the ’long-run arrival’.
(C) Inter-arrival times Ny, Na, .... Reward: the sum of the waiting times (includes

any service time) of the NN; customers in the ith cycle, i.e. Ejv;l V;, where V; is
the waiting time of jth arrival in ith cycle. RR theorem:

n

1 as. E(S
gi;wk 2 E((N)) =W

where S = Zjvzl Vj, and W}, := waiting time of the kth arrival in the entire
process.

Little’s theorem: L = A\W.

Proof.
L  E(R) E(T) E(N)
AW~ E(T) E(N) E(S
but
T N
B[ otmyin) - NG
(two ways of counting the same thing). O

Example: Carwash.

Cars arrive as a PP(v). Space for < k waiting cars (plus the one being washed).
The wash time are iid with distribution function F', mean 6. Let p; be the
proportion of time that there are ¢ cars in the line waiting for washing. The
existence of p; is immediate by renewal theory. Apply Little’s theorem to the
machine itself. Regeneration times are times of departing cars leaving no car
behind.

We have L=1—pg, A=v(1 —pi), W=0. L =AW, s01—py=v(l—pg).
So vpy, represents disappointment and 1 — pg represents cost.

Population genetics:
Wright-Fisher model: X,, is number of A at time n, the number of individuals is
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constantly 2N. Note: (n+ 1) th generation is obtained from nth by sampling
2N times with replacement. The genotypes are A and a. So (X,,) is a discrete
time MC with transition probabilities

2N . ;
= (2 a1 - a
J

P(get A on one sample is i/2N = q; if we have i copies of A at some time.

Recall that last itme we talked about Wright-Fisher model, and we had transition
probabilities for the discrete MC X,,. "fixation” means hitting one of the two
absorbing staes all a or all A. Let 7 be the time to fixation. Then P;(7 < o0) =
1Vi.

What is P;(X, = 2N) = P;(fixation in state AZ2V?
Theorem. P;(X; = A) =i/2N.
Proof. E;(X;) = 2Np; = i, more generally, E;(X,,) =

B (E(Xn
(martingale). E;(X,) = E; (X Lireny) TEi(Xnlirsny) — E;
So E;(X;)=1i=0, P;(X; =0) + 2NP;(X; = 2N), so P;(X;

><
3
Il
=
=

We need a further explanation:

0 <Ei(Xnlir>ny)
2N
:/ xlr>ndF(z)
0

2N
_ 9N / lodF(x)
0

= 2NP;(1 > n)
—0

as n — oo. Here F' is the distribution function of X,. O]

Moran model (without separation of generations):

We have N particles, and continuous time mutation. When an individual dies,
every other particle compete for the place and replace it with a copy of the
winning particle. For convenience we allow the dying particle to compete as well.
Each individual is replaced at rate 1.

Let Xy =unmber of a’s at time ¢t. X is a continuous-time MC with generator:
Giit1 = (N—Z)N, Gii-1 —’LN t,and g;; = 0 for |i — j| > 2. The jump chain
is symmetric RW on {0,1, .. N} Let Ty =time of 1st passage to k. Then
Pi(Tn <Thp=1i<N.

Let 7 = inf{t : X; € {0,N}}, k; = E;(7). Then (k;) is the least non-negative
solution to

k; =00 € {O,N}

(N —1 (N —1 )
%kﬂ_l + %ki—l =—-11 7é 0, N (maybe)
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So the answer should be

i—1

N-i &
k‘i:ZN_j—FZi/j
j=1 Jj=1

Note: let 7; :=total time spent in state j. E;(7;) =1 for 1 < j < N — 1. Note:
as i, N — oo with i/N = p € (0,1), then E;(7) ~ N(—plogp— (1 —p)log(1 —p))
where H(p) is entropy.

The Moran model may be constructed in terms of indepnedent Poisson processes
{N%J : 4,5 =1,..,N} with rates 1/N. When there is an arrival in N7, j is
replaced by a copy of .

Infinite sites model: ”Moran model with mutation”. N individuals at any time
t.

Mutaiton rate u > 0.

Each individual suffers mutation at rate . When mutation occurs, it changes
the acid base at a locus of that individual that has never before been changed
for any individual.

At each time and given locus, either there is exactly one acid base present, or
two.
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