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1 INTRODUCTION

1 Introduction

Many of the most important equations in mathematical physics are linear.

example the Laplace’s equation,
V2 (x) =0

where

the wave equation,

1 0% 5
cor =Y ¢
the heat equation,
0p o
A
and the Schrodinger’s equation:
L0 R,

Here linearity means, if ¢ and ¢ are each solutions of one of these, then
A1d1 + A2
is also a solution for any constants Aj,\s.

Now we look at the d’Almbert’s solution of the wave equation:
In 1+1 dimensions, the wave equation is

1% &6
2ot 0x2
Let
u=x—ct,v=x+ct
Then

0 ou, Ov. 0O 0 0
52" = 32 et gel = galv T gel
10, 09, 0
col" = gol T ggl

So in the (u,v) coordinates, the wave equation becomes

9%¢ B
oudv

Integrating with respect to v, we get

oo

%—F(u)

For
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Integrating again with respect to u, we get

¢(u,v):G(v)+/uF(u’)du’
=G (x+ct)+ H(z—ct)

To fix these arbitrary functions, we need some initial data. Suppose we set
¢ (x,0) = f (x)

and
0r¢ (2,0) = g (x)
Then
¢(2,0) =G (z)+ H(z)=f(r) = G +cH =cf
0r¢ (2,0) = G’ (x) — cH' () = g (x )

¢ (@) = §O+)::G@> U@ =7+ 5 [ gty
H ()= 517 (@) + f —%Og

Therefore our solution obeying both initial conditions is

x+ct

Fa—et)+fare)+q [ gy

—ct

gb(l‘,t) =

N —
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2 Vector Spaces

2.1 Vector Spaces

Definition. A vector space V is a space with an operation + that obeys the
following properties:

commutativity: u+v =v +u;

associativity: u+ (v+w) = (u+v) + w;

and has an identity O that satisfiesu4+0=uVue V.

We can also multiply vectors by scalars A € R, C, with that being distributive
on both the vectors and the field, i.e.

Alu+v)=Adu+ v
and

A+ p)u=u+pu

We often give vector spaces an inner product (,) : V x v — C, obeying:
additivity: (u,v+w) = (u,v) + (u, w);

linearity (in 2nd argument): (u, Av) = A (u, v);

conjugate symmetry: (u,v) = (v,u)";

positive definite:(u,u) > 0 Yu € V, with equality holding iff u = 0.

Note that
(A, v) = (v, Au)” = [A (v, u)]* = X" (u,v)

A set {vy,..., v} of vectors form a basis of V if every u € V can be uniquely
expressed as a linear combination

n
u= Z /\in‘
i=1
Note that we can use the inner product to explicitly find the coefficients \;:
n
(Vj7 u) = (Vj7 Z )\7;V1'>
i=1

(Vi Ais Vi)

I

@
Il
_

|

s
Il
-

Ai (v, vi)

The basis is orthonormal if

(vj,vi) = i
and in this case we have

(Vja u) =X\

So we've found the expression for \; explicitly using the inner product.
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2.2 Functions as infinite dimensional vectors

A complex valued function f on a domain  is a map f :  — C. The set of all
these functions is naturally a vector space with the usual addition

(f +9) (@) = f(z)+g(x)

and the usual multiplication

(Af) (z) = Af (2)
Now we want an inner product on this vector space. One possibility is to take

(ro)= [ @ g
where p is some measure.

An example:

Q= 7b]a

[a
(f.9) = / f* (@) g (2) da

Another example:
Q={(r0) eR?r <1}
(F9) = [ 1 (r0)90) v

For functions on a circle f : S — C, we can think of these as periodic functions
f(0+2m) = f(0), with 6 € [—m, 7). Fourier found a nice basis.
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3 Fourier Series

3.1 Fourier Series

Consider the complex-valued functions e’?, where n € Z. We have

; ; ; ; 2n  ifn=m
ind im0 ind _+im0
(e ,€ ) = / e e df = { ) i

—T

l/”mmmww+mmm_mﬂw_rmmmeim“mmﬂi_ﬂ

m—-n

—T

So the set {f/;} is an orthonormal set of functions on S!.

The nt" Fourier component of a general f: S' — C is

f = L (™. f) ! /7r e f(0)do

27 T on o

The Fourier series for f is then

Z fneinO _ f (9)

ne”Z

However it’s not clear if this infinite series converges.

For example, let
fe) =16l
for 6 € [—m, ). Then

. 1 [ .

n:—/e%%m

2 J_,
1 ™

= — |0| cos nfdo

2r J_,

:l/ 6 cosnddd
™ Jo

2

[ =2, ifnisodd
10 if n is even

Another example: let

(o) =4
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Then

if n# 0, and is 0 if n = 0.

- o T 2 _i(2n+1)0
Thus || has Fourier series 5+ ., T e ,

. . . —ntt
while 6 has Fourier series 3, %e""‘g.

The first one is ok, but the second one diverges. 6 is discontinuous as a periodic
function (different values at 7w and —).

3.2 Convergence in the norm

One thing we should mean by ’converge’ is
lim (Snyf—f,.Svf—f)=0
N—o0

where

N A~ .
Swf= 3 fuct

n=—N

If we have convergence in the norm, i.e. if
™

im [ (Snf—f)* (Sxf— f)do = /

n—oo | _

T

[Snf(8) — f(6)[*ds =0

The integrand in the second integral is non-negative, so it has to be 0 almost
everywhere. So

lim Sy f(0)=f(9)
N—oco
at almost all § € S*. In this case we have

- - N R * N _ .
/_ |Snf(6) = £(6)]°d6 = / (Z emﬂfn—fw)) ( > e’mefm—f(9)> do

n=—N m=—N

/ ST eTinmmOf T f | do = i Fo fm /

n,m=—N n,m=—N -

N
em=m0qg = or Z |fn|2
n=—N
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Since we’ve shown that the last integral is 0 unless m = n. Also

- Z im0 1 (0 Z B[ e o

—1T

=27 Z |fn|2
n=—N

we thus have
Jim [ 2r Z [l + [ F(0) f(9)d01 =

ie.

H=2r> |ful?

nez

which is known as Parseval’s theorem. Note that this is an infinite dimensional
analogue of Pythagoras theorem.

3.3 Pointwise Convergence

A stronger notion of convergence is to ask
lim Sy f(6)— f(8) =0
N—oc0

for all € S*. More precisely, given any € > 0, there exists some N (g,0) s.t
|Snf(0) — f(0)] <eforaln>N(eb).

If N (e,0) = N (¢), i.e. N doesn’t depend on 6, then we have uniform conver-
gence.

For example, let f () = 0 for § = [—m, 7). Then

N ( 1)n+1 N n+1
Snf= Z € Z sin (nf)
n=—N,n#0 n=1

If 0 = (2k + 1) 7 for some k € Z, we have

Syf(2k+1)m) =0

which is the average value of the original function at that point.

3.4 Convergence of Fourier Series

We can establish a simple condition that ensures convergence of a Fourier series.
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Suppose for some numbers {a,, }, the partial sums

N

> lal

n=—N

converge as n — co. Then
N
§ an ezn@
n=—N

converges uniformly to a function f : S! — C, and that f () is everywhere
continuous.

Proof. Since ET]LfN |an| converges, given any € > 0, 3 Ny () s.t.
Z lan| < e
M<|n|<N

for all N > M > Ny (¢) (Cauchy). Therefore

Z an ein9 < Z ‘einﬁan|

M<|n|<N M<|n|<N

= Y

M<|n|<N

<e

for all 8 € S*. So
N
Z aneinO
n=—N

converges uniformly to some f () as N — oo.
The partial sums Ziv:_ N an,e™ are all continuous functions, and the uniform
limit of a sequence of continuous functions is itself continuous (see Analysis).

Also (since the integral is 0 unless n = m, in which case it equals 27),

N
1 T
Ay, = Z [%a"/ ez(nm)ede]

n=—N -r
AP
in —im0
= — Z an€ e do
2 J_, M
1 " —im@
= oo [ O
:fm

as N — oo, so the a,,’s are indeed the Fourier coefficients, and

0= Z fneme

neZ



3 FOURIER SERIES 12

(Compare with Taylor series where the continuous function f (z) = |z| has no
Taylor expansion around x = 0, neither does e~/ IZ).

3.5 Integration and Differentiation of Fourier Series

Integration is a 'smoothing’ operation. Suppose we have a function f (6) whose

Fourier series converges, i.e. (Syf) () = ansz frne™® = f(0) as N — oco.

Integrating term-by-term, we get

N

| sp@as=ie-n+ >

- n=—N,n#0

@ [eme _ (_1)n]

This new sequence certainly converges, since the original one did by assumption,
and each coefficient is suppressed by a further power of n (n # 0).

On the other hand, consider the square wave function

-1 —7<6<0
f(@)_{ +1 0<él<nm

We have ) . )
=g [ @)~
n

27 J_,

for odd n, and is zero for even n. So (as exercise)

4 S sin(2n—1)0
f(e)N;ZS (anfl)
n=1

Now try differentiating term-by-term,

4 o0
— E cos(2n—1)46
™

n=1

which diverges at § = 0.
Lemma. Let f:S' — C be continuous. If
> Infal
neZ
converges, then f is actually continuously differentiable, and
N
Z infneme
n=—N

converges uniformly to f’ () as N — oo.
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Proof. For n # 0, |fu| < |nfn|, so the comparison test tells us Y nez | fnl
converges. So from before,

N
(Snf)= Y fae™ = f(6)
n=—N

uniformly as N — co. So

N

(Snf) (0) = Y infac™ — g(6)

n=—N

uniformly for some continuous g (6). But since Sy f — f, (Sx f)" — g uniformly
implies that g () = f’(0), and hence f’ (#) is continuous. So f is continuously
differentiable. O

Lemma. Let f:S' — C be (m — 1) times continuously differentiable, and let
Fm=1) jtgelf be differentiable with continuous derivative everywhere except for
some finite set of points {61, ...0,.} € S*.

(For example, let

_eP
f(o) = 3

Then
f7(0) = 1016

which is not continuous at 6 = 0.)
If also [ (™) (0) | < M for all € S*\ {6y, ...,0,}, then

fn

<

nm

for all n # 0.

Proof. .
fn — i/ e—int (9) de
— g [ @), +

2min T 2mn

/ ! e~ () do

—T

_ / =m0 £(m) (9) o

27 (in)™ J_,

So

i emm ) (6)] do

1 /7r
< -
= 2xfnfm ) o

M

= [nfm
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This is a very intuitive result: the smoother a function is, the better its Fourier
series will converge.

For example, for f (0) =6, fn ~ %, while for f () = |0, fn ~ %
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4 Sturm-Liouville Theory

There could be many different sets of ’basis’ functions in which we could expand
any given function. To decide which basis is most appropriate, we’ll need to
know more about what problem we’re trying to solve.

4.1 DMatrices and their adjoints

Given two vector spaces V, W with dim (V') = n, dim (W) = m, we can consider a
linear map M : V' — W. If we are given a basis {v1,...,v,} of V and {wy,..w, },
then by linearity, the action of M is determined by its action of the {v;}. We
have

m
MVi = Z Mijo
Jj=1
for some coefficients M;; € C.

If {w;} is an orthonormal basis, then

(W, Mv;) = ZMij (W, Wj) = My

Jj=1

here (,) is an inner product on W. If m = n, then W = V and we treat M as a
map from V to itself.

In this case, we define the eigenvalues of this map to be the roots {\;} of the
characteristics polynomial
|[M —X| =0
The adjoint of a map A:V — V isamap B:V — V defined by
(Bu,v) = (u, Av)
for all u,v € V.

In components, that says
Bij = Aj;

(or B= (AT)" = A*).

A map M is self-adjoint if and only if (Mu,v) = (u, Mv) for all u,v e V.
Proposition. Self adjoint matrices have only real eigenvalues.

Proof. Suppose Mv; = \;v; so that v; is the eigenvector of M with eigenvalue

A;. Then
>\i (Vi,Vi) = (Vi,MVz‘) = (MVZ‘,VZ') = )\;k (Vi,VZ’)

Since that is true for all eigenvectors, \; = A\}. So M is self adjooint. O
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Proposition. Eigenvectors of a self-adjiont M with distinct eigenvalues are
orthogonal.

Proof.
Ai (i, vi) = (v, Mv;) = (Mvj,vi) = \j (v}, Vi)

Since A; € R. So
(Ai = Aj) (vj,vi) =0

O

We can use this orthogonality to solve linear equations. For example, suppose
Ma = f and we wish to find a (= M~1f).
We let {v1,...,v,} be a basis of eigenvectors for M. Then

M (i aivi> = iaini
=1 ’L:l
= Z ai)\ivi
i=1
=Y fivi
i=1

Taking the inner product with v;,

> aidi (v, vi) =Y fi(vy,vi)
i=1 i=1
fi

:>aj/\j=fjoraj:Y
J

For functions, the analogue of our linear map M is a linear differential operator

dp ar—1 d

dx?

L=A4,(x)

We call p the order of L. We’ll typically be interested in second order differential

operators:
2

EzR(:c)%—l—P(x)%—FQ(m)

We begin by putting this operator in Sturm-Liouville form. Suppose R (x) # 0
for all z € [a,b]. Then we equivalently have

&? P d Q@) _ _jrpad (ef““)dtd)JrQ

el = o mRi™_—
dz? = R(z)dx R(zx) dx dx

R

By using integrating factor. So equivalently, we consider operators of the Sturm-
Liouville form

e (v ) +alo)
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_ / (t
- R(t)’
px

q(z) = ( j

where

~—

SL operators are self-adjoint with respect to the inner product

b
=/ (@) g (2) da

provided f,g obey appropriate boundary conditions:

b *
who = [ |4 (i) +ar] ato)
b *
=/a LZ: (pcg >g+qf*g} dx
df* brodfrdg
[ s } -/ (pdxdx"f gdz)

d

b
=[p(f'g- f*g')]ZJr/a f [dm (p;li) +q9} dx + (f,Lg)

Let the first term be the boundary term. The boundary term vanishes provided
we impose some conditions:

bif' (a )+b2f(a):
cif' (b) +eaf (b) =

for some by 9,¢12 € C.
If p(a) = p(b), then the boundary terms cancel if f (a) = f (b), [’ (a) = f' (b)
and similarly for g.

For functions obeying these boundary conditions,

(Lf,9) = (f,Lg)

It follows that:
e cigenvalues of a SL operator are real;
e cigenfunctions with distinct eigenvalues are orthogonal.

It’s often convenient to generalise the eigenfunctions to allow for weight functions.
A function W : [a,b] — R is a weight function if W () > 0 for all = € [a, b] with
at most finitely many zeros.

We say f is an eigenfunction of £ with weight W if
(L) (@) = AW (z) f (x)

We define an inner product of weight W to be:

/f W (z) de

= (f,Wg)=Wf.g)
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So

Let f; be an eigenfunction of a S-L operator £, with weight W (x) and eigenvalue
A;. Then
i (fis fk)W = (fi,Lf)
= (Lfi, fi) = N (fis fi)w
Since L is self-adjoint (needs boundary conditions). So A; € R for a self-adjoint
operator.
i (f5s fi)w = (fis Lfi)

= (Lfi, fi)

=X (f5: fi)w

= (A=) (f5, fi)y =0

So the eigenfunctions with distinct eigenvalues are orthogonal with respect to

(7)W‘

Notice that since the coefficient functions p (x), ¢ (x) in the S-L operator £ are
real, if Lf = AW f, then

L(f)=(Lf) =QAWf) =AW

So f*(x) is also an eigenfunction with the same eigenvalue. By choosing
Ref (z),Imf (x), we can always choose our eigenfunctions to be real.

Given any f (z) on our domain {2, we can expand it in a basis of eigenfunctions
{y; (z)} for some SL operator on (the interior) of :

f@) =Y fivi (2)
i=1

with

fi = (yi7 f)w

just as for Fourier series.

4.2 Examples of solving equations with SL operators

Example. Choose Q = [-L, L], p(z) = —1, ¢(z) = 0. So

o ) erir

We'll also choose weight function to be W (x) = 1, and ask that all our functions
obey boundary conditions f (L) = f(—L), f' (L) = —f'(—L).

An eigenfunction obeys
ROy
de?
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if A <0, the unique solution obeying the boundary conditions is f = 0;

6j:i7rnx/2

it A= (—) for n € Z, then we have eigenfunctions f (z) = and we've

recovered Fourier series.

Example. Choose Q =[-1,1], ¢(z) =0, p(x) = — (1 — m2), W (x) = 1. Then

and
(f,Lg) = (Lf.9)+ [p@) (19— F9)]"

For p = — (1 — 2?), we have p (1) = 0. So all we need to ask of f, g is that it
remains reqular on 0f2.

We look for a solution of the form
o0
= Z anpx”
n=0

that remains regular throughout Q. Differentiating (applying SL operator?), we
have

1—:17 Zan (n—1zx 72Zannz +/\Zan =

This must hold for all z € €, it must hold for each power of x separately. Collect
the coefficient for 2™, we have

nt2(n+2)(n+1)—apyn(n—1)—2a,n+ Aa, =0
nn+1)—A

T T D)

n

as a recurrence relation.

We are free to choose ag and a1 independently, so we get two linearly independent
solutions

O (z) = ag [1 - %xz + w& + } )
01 (z) =a; {x + (2;!/\):r3 + Ch )\)5(!12 — )\)x5 + ]

Note the O is an even function while ©7 is an odd function.

Now examine the behaviour of the ©; (z) near the boundary. As n — oo,

2 4-A
an+2N1_7+ >
Qp, n n

so the series always converges when |z| < 1.

However, at © = £1, Gauss’s test tells us that the series in fact diverges (777
see Gauss’s Test).


http://mathworld.wolfram.com/GausssTest.html
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The only way out is to restrict the allowed values of A. If A =1 (I + 1) for some
l € N, then the series actually terminates and we have a polynomial solution
Py (z), known as the I*" Legendre polynomial. e.g.,

Po ($) = 1,
Py (z) = =,
P (z) = % (322 — 1),
Py (x) = % (52° - 3v)

In fact, the general formula is

1 d o, !
Pl(x):ﬂ@(x -1)

(check!) where the normalisation ensures P; (1) = 1.

Proof. l
1 d
P = g2 @ =D @+ 1] ot
1 ! . :
= — ([ _
5171 [l. (x+ 1) + terms involving (z — 1) .
=1

O

From general SL theory, we know that (P}, P,,,) = 0 when [ # m, but let’s see
this directly. WLOG assume m < [. Then

(P P>—1/1P 0L (@ -1y
mo S =gy W g
1{ d-!

l
9 ! 1 [t dP,d *(2? —1)
P, (z) T (% —-1) }_1 = 5T d

~ ol _, dx dzl—1 o
1 [tdp, d-' !
= — _ —-1)d
2! /1 de qoi1 (1) de
(=)' L AP, 5
T oy ) Tadd (2% —1) do
But P, (z) = ﬁ d‘f; (332 — 1)m is a polynomial of degree m, so differentiating
I > m times gives 0.
When | = m, we have
! 2
P, P, (z)dx =
| P@P. @ =50

The Legendre polynomials are the basic orthogonal polynomials on [—1,1]. Any
I*" order polynomial has [ roots (generically € C), but all the roots of all the
P, (z)’s € R and lie in (—1,1).
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Proof. Suppose otherwise, that P, (z) has only m < [ roots in = € (—1,1). We
consider the degree m polynomial

Q) =]] @~

i=1

where x; are roots of P, (z) in (—1,1).
On one hand,

/_lcz(x)Pl(x)dxaéo

since P; (z) and @ (x) change sign at the same places.
On the other hand, we can expand

Q (.23) = ZqATPT (.Z‘)

in terms of the Legendre polynomials. So

/_1Q1Dl(x)d:r:Tz_:l(jr/PT(x)Pl(x)dx:O

by orthogonality of the P;’s. Contradiction. O
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5 Laplace’s Equation

5.1 Laplace’s Equation and Uniqueness Theorem

Laplace’s equation in a domain Q C R? is
V2 =0

where

There exists a unique solution ¥ to Laplace’s equation inside ) that obeys
¥ (@) = f (x) Vo =00

this boundary condition is called the Dirichlet boundary conditions (see Vector
Calculus in Part IA). We’ll prove the uniqueness theorem again:

Proof. Suppose 11, 12 both solve the Laplace’s equation inside 2 and 1, = 19
on Jf).
Let ¢ = 41 — 5. Then

_ 2
0—/9577/1V (6¢)
—— [ (vow)-(ou)+ [ sun-vou
Q oQ

Where n is the outward pointing unit normal vector to 9§2. But 4% on the
boundary is 0. So

o:_/ﬂ(vaw)-(vw):—/QHV&#II

So provided that §¢ is continuous, we must have Vi = 0 everywhere in Q.
Thus v is a constant throughout €. Since d¢) = 0 on the boundary, §y = 0
throughout 2. Therefore ¥; = 19 everywhere in €. O

5.2 Separation of Variables

Let € be the infinite cuboid
Q:{(m,y,z)€R3|O§x§a,0§y§b,0§z§oo}

Suppose we want to solve

V) =0
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inside (2, subject to the conditions
¥ (0,y,2) =v(a,y,2) =0
P (2,0,2) = (x,b,2) =0

Y (z,y,0) = f(2,y)
lim ¢ = 0

Z—00

To get started, we look for a special solution to Laplace’s equation of the form
b(ay.2) = X ()Y (5) Z(2)
Then
0=V
=Y (y) Z(2) X" (x) + X (2) Z (2) Y (y) + X (2) + Y (y) Z" (2)

If ¢ # 0, we can equivalently write

1

0= Ev%
B X// + Yl/ Z//
X v 7z

Each term on the RHS depends on a different variable. Since we want a solution
for all (z,y,2) € Q, each term must be constant. That is,

X" Y z"
X T MY Ty
for some A, u. That implies
X (z) = Asin (\F)\x) + Bcos (\F/\w)
Y (y) = Csin (Vpy) + D cos (v/ny)
Z(z) = Eexp (m,z) + Fexp (—Mz)

We now 1mpose the homogeneous boundary conditions. We find B =0, D =0,
)\:(”—”) forn=1,2,.., p= (m”) form=1,2,..; E=0.

=A+pu

So

a

2.2 2.2
Y (x,y,2) = Ap msin (n;rx) sin (%) exp ( n 7; + mb:z>
solves V21 = 0 and all the homogeneous boundary conditions for any choices of
n,m € {1,2,..}.
Thus the linear combination

mm n27T2 m2ﬂ-2
'T Y, 2 Z Anm sin ( ) sin (Ty> exp (— 7 =+ b22>

n,m=1
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does too.

To fix the coefficients A, we must use the inhomogenous boundary conditions
that ¢ (z,y,0) = f (z,y). We expand f (z,y) as a double Fourier series

fx,y) = n,sznm sin (?) sin (?)
where

frm = % /Oa dx /Ob dy {sin (?) sin (%) f (x,y)]

and choose A, = fom-

Example. Suppose f (z,y) = 1. Then

fnm = % /Oa /Ob sin (?) sin (?) dxdy
6

{ 16 n,m odd
— nmm

0 else
So (2k—1) (21—1)
_ 16 <~ sin _a 2 sin _b Y
V(@Y%)= 5 k-1 @ =1) exp (—S2k-1,21-17)

k=1

5.3 Laplace’s equation in spherical polar coordinates

Let
Q={(r0,¢) eR®r <a}

and suppose 1 : R3 — R solves V2 = 0 inside Q, with ¢ (r = a,0,¢) = f (0, ¢).

In spherical polar coordinates, we have

o, 1O [ ,00 1 9 (. 00\ 1 1 9%
V=35 \"ar ) TiZsma a0 ™00 t 2 sinZg 092

For simplicity, we’ll just consider the case ¥ (r,60,0) = (r,0), f = f (6).

We seek a solution to V21 = 0 of the form ¢ (r,0) = R (r) © (§). Then
© d ([ ,dR R d (. dO\
2 < d> T TSm0 do <Sm9d9> =0

:>li 2d£_ 12‘9@_)\
Rar\" dar )~ ©smods \""as )~

Since in the second equation, LHS only depends on R, r while RHS only depends
on ©,6. So they must both be constants.

1 d (. dO
g do (sm&de) = \O

The angular equation
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we’ve met before: let £ = cosf. Then

9 _0z29 . ,9
90 o0o0x o

So the angular equation becomes

d do

+ ((1 —z°) dx) =-)\0

this is exactly Legendre’s equation, so its regular solutions are P, (cos#) where
A=1(+1),1=0,1,.... (See section 4.1)

With these values of the eigenvalue A, the radial equation becomes
(rPR) =10+1)R
We try a solution of the form R = r®:

ala+1)r*==1(1+1)r"
= a=1[(-1-1)

So our solution R (r) © () is now

P (r,0) = Z (alrl + rlb-sl-1> P (cos9)

=0

We want a solution that remains regular at r = 0. So b; = 0 for all I. To fix the
ay, use the inhomogeneous boundary condition that

¥ (a,0) = f(6)
we get
f(0) = i fiPi (cos )
where s ﬂlo
fi= 5 /0 f () Py (cos 6) sin 6d6

So our final answer obeying all the boundary condition is
PN
V=31 (£) Pi(cost)

This is the unique solution by uniqueness theorem.

5.4 Multiple expansions

Let k be a unit vector. Then —— solves

[r—Kk|

5 1

=0
r =k
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For all r # k € R, and is regular at r = 0. So

1
v k|

= Z Ayt Py (cos 0) (1)
1=0

Suppose r point in the k-direction. Then

iy >
= = = T
Ir — K| T+r2—2r 1-1 &
(Taylor expansion, converges for |r| < 1).

Since P, (cos0) = P, (1) = 1, the multiple expansion (1) becomes

|I‘ — k| ZA[’I“

So Al =1.

r

+ 2f P4

1 /7 o
52 () me)
v —v/| r!
1=0
1
o
1 " r- n
7 (r’)3
The first term is the potential experienced at r’ from a (unit) charge at the
origin. It’s called the monopole term. The second, dipole term, is the potential
at v’ due to two unit charges of opposite sign placed at =+r.

5.5 Laplace’s equation in cylindrical coordinates

Let Q= {(r,0,2) € R3,r < a,z > 0}, and suppose ¢ : R® — R obeys V1) = 0
inside €.

In cylindrical coordinates,
oy 1 0% 0%
v? —— 4+ — =
v= 7“87“ ( 87") Jr7“2 062 + 022
so once again, look for a solution of the form

¥ (r,0,2) = R(r)©(0) Z (2)

R// 1R/ 1@// Z//
= (R+TR>+7"2®+ZO
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This implies

7o R R (A,
zZ "o~ "R rR r2 )

For our solution to be periodic in @, we must have A = n? for n € N, which
implies

O (0) = ay,sin (nd) + by, cos (nd)

If we want our solution to decay as z — oo, we need to choose > 0 and pick
the solution Z (z) = exp (—,/n2).
The radial equation is Bassel’s equation. To put it in SL form, multiply through
by 1/r to find

d dR n?

—|r— ) ——R=—urR

dr (r dr ) T Hr
We can rescale by introducing x = ,/ur to obtain

d*R dR
2 2 _ .2\ p_
x W—i—x%—i—(m -n )R—O
which is independent of the eigenvalue p. This second order ODE has 2 inde-
pendent solutions for each n = 0,1,2, ..., written J, (z) and Y, (x) and called
Bassel functions of the first(J,)/second(Y, ) kind.

The first kind:

The second kind:

/N

\

all J,, are regular at origin (Jy (0) = 1, J,, (0) = 0 for other n), while all Y,, are
singular at = = 0.
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We want V29 = 0 inside €2, decaying to 0 as z — +oo, regular at r = 0 and
vanishing at » = a. Our product ansaty(?) gives

Uy (1,0, 2) = (@, sinnb + b, cosnb) e VF= (J, (/ur) + en Yo (Vir))

Regularity at r =0 = ¢, = 0;
Ylp=a =0 = /pa = ki, where k;, is the it" root of J,, (z). Then

e r
(r,0,2) Z Z G sin () + by,; cos (nh)) e (ki"a)

n=0 i=1

is our general solution.
If we also impose the inhomogeneous boundary condition
1/)|z=0 = f (Ta 0)

we can fix the constants a,;, b,;. The Bessel functions obey the orthogonality
condition “
/ T (in =) T (Ryn = ) i = b5 [, (on))”
0 a a

e.g. At z =0, our solution is

¥ (1,0,0) = (ani sinnd + by; cosnb) J, (k%) = f(r0)

n,i

This implies

%/W cos (m@) f (r,0) = Z bui [ cos (m@) cos (nb) db.J,, (km£>

-7 i i

fm (1) 0ij
So

Z bimim ( ’””)

2
— / ryrdr = % mea” [ (om)I* = 5-bms [T i)

= by = W /Oa Im (k’”j&) fom (r) rdr.
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6 The Heat Equation

6.1 Heat equation

Let 2 < R™ be a domain in R™, thought of as ”space”. The heat equation is

[
E—K}vw

for a function ¢ : Q x [0,00) — R and positive constant &, called the diffusion
constant.

The two most important properties of evolution under heat flows are:
e Total heat fQ pdV is conserved;

Proof.

(Z/Qq/;dV:/Q?;de:n/Q(V2¢)dV:n/aQn-(Vw)dS

So provided n-V1i) = 0, which says heat doesn’t flow out of €2, % Q¥dV =0. O

e Heat flow is a strongly smoothing operation;

Suppose 9 is an eigenfunction of the Laplacian on 2 with eigenvalue A (i.e.
V2 = =), and ¢ = 0 or n- Vi) = 0 on 9. These eigenvalues are necessarily
non-negative.

Proof.

Y *dV: * QdV:_ * AV = — 2
/wa /Qwvw /va v 192 < 0

AL
Jo 191" dv

we’ve used our boundary condition above.
Formally, we have that our solution to the heat equation can be written as

P (x,t) = (etv2> ¥ (x,0)
(set k =1). Here we think !V’ as the Taylor expansion:
t2
eV = 1+1V2 + SV

Expanding our initial data ¢ (x,0) in terms of a complete set {17 (x)} of eigen-

functions of V2 as
¥ (x,0) = eripr (x)
I
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Then we get

b (x,t) = etV <Z crr (X)> =Y o (etv2w1> = e M (x)
T T T

We've seen (for Fourier series - true for any expansion in eigenfunctions) that the
smoothness of the original function is reflected in the decay of the coefficients in
the expansion as |I| — co. Heat flow exponentially suppresses eigenfunction with
large A;. Heat flow exponentially suppresses eigenfunction with large A;. O

The heat equation also has some symmetries:
If ¢ (x,t) obeys
9¢

— =kV?
ot ¢
then so too does:
o &(x,t) = ¢ (x — mg, t — to) — translation in space/time;

o) (x,1) = MNP (ﬁz, )\t) rescaling by A € RT.

In particular, we can look for a similarity solution, which is one that is indepen-
dent of this scaling (up to an overall factor). i.e.

¥ (2,t) = ¢ (,t) = AP (ﬁx, /\t)

If this is so, then since ¢ (x,t) is independent of A\, we can set A to be anything
convenient, e.g. A = % Then

b (a,1) = 17 (ji 1) — ()

where 1 = 2% is the similarity variable. Then

Vit

0
O = —pt’lu + t"’a—Zu’ =771 (—pu + )
0

= kO2p = /it_pa— (gnu’> =kt P
z \ Ox

so the heat equation becomes an ODE for u (n):

For example, choosing p = %, we get

1 /
0=ku" + 3 (nu’ +u) = (m/ + %)

If we impose the initial condition

w (0)=0
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then
u
w2
and so
u(n) = Ae~n/4n
therefore

1
Vart

_ =2
e A4kt

¢($,t) =
where we fixed A by [, ¢ (z,t)dr =1.

This is a Gaussian with variance proportional to t, and is the fundamental
solution to the heat equation.

For heat flow on R™ x [0, 00), we’d instead get the fundamental solution

1 _Ix2

— e dnt
(4mit)™/?

¢ (x,t) =

The fact that heat always flows from hot to cold is apparently in conflict with
the time reversibility of Newton’s laws.

FEinstein realised that this could be explained statistically: suppose a particle is
being jostled at random s.t. the probability it moves through distance y in time
At is p(y). Assume:

e p(y) independent of ¢;

e p(y) is strongly peaked near 0,

e p(—y) = p(y) no preferred direction. Let P (z,t) be the probability our
particle is found at x at time ¢. Then

o

P(aat—i—At):/ p(y) P(x—y,t)dy

—00

= [OO > AR (z,t) (~y)" dy

n! Oy»

where (y") = [ OOOO p(y)y"™. The above is then approximately

(y*) 9*P

P(l’,t)+ 9 W
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with some small corrections. Then

P (z,t+ At) — P (z,t) KaQP

At 0x?

_ )
2At

As At becomes small (but still large compared to collision times) we have the
heat equation.

where

6.2 Heat flow in a semi-infinite region

Suppose ¢ (z,t) obeys the heat equation inside  x [0,00) with Q = {z > 0}
subject to the boundary conditions ¢ (z,t) — ¢ as ¢ — 400 and

2t

¢ (0,t) = ¢o + Acos (t) + Bcos <2tm>

0 0

To solve, we look for a simple solution to the heat equation of the form
¢ (z,t) = X ()T (1)
T/ X//

TRy

we want oscillatory solutions in time, so set A = iw, we get

b (z,1) = e* (awe_m\/? + bwe'*'””\/%)
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%

i—1

{ %\/|w| w>0

Vvl w<0
So 4 .
gﬁ(o,t) — QSO + 5 (eith + 671‘th) + 5 (eiwyt + efiwyt)
where
1
w =
by QWtDA/

So we have non-zero contributions when the separation constant, w = twp, fwy, 0,

¢ (z,t) = do + Ae—V T cos (th — \/?30) + Be V7 cos (wyt _ Wgﬂ)
K

2K

Let Q = {(r,0,¢) € R® | r < a} and suppose 1 : Q x [0,00) — R obeys %—f =
kV24). For simplicity, we'll take 9 (r,0, ¢) = 1 (r). We impose

e boundary condition ¥[9ax (0,00) = ¥ (@) = 0;

e initial condition ¢|gx (0} = o constant.

Look for a solution of the form ¢ (r,t) = R (r) T (t). Then

14T 1
ar 1 d (Tdez):_AQ

®T dt ~ Rr2dr
for some constant \.

The radial equation is

i (7’2dR> =-\22R
dr

and has solutions

sin (Ar) | By cos (Ar)

T r

]%(T) Iiqu
Regularity at » = 0 forces us to set By = 0, while the boundary condition
Yr=q = 0 fixes A = =% for some n =1,2,....

So our separates solution is

A 22kt
G (1) = " sin () exp (—” o )
T a a

which implies that the general solution obeying homogeneous boundary condition

is
A, . /nmr n2m2kt
Z — sin (—) exp | — 5
r a a

nezZ+
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we fix the A,, by imposing ¢ (r,0) = 1. So

ripg = Z A, sin (%)

ne€Z+
a 71 m—+1
—q, =N Tsin(M)dT:M
2a J, a 2n
Therefore
i (=)™ n?n2kt
Y (r,t) = Ey gZ:Jr — sin (—a ) exp | — pe
Consider 5 5 o
W o n ekt
5 r=a — 7; Z exp | — a2
nezZt
N /°° —x2m2Kt
R exp | — T
2a J_o P a?
o @
2 V wkt
So
t o
now 2
(g—f) 4k

We have 1y ~ 1000°C, %f lnow ~ 20°C/100m, « is the thermal diffusivity of rock.

Then we get 0, = 100 million years. However we didn’t take heat generated
by radioactivity into account.
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7 The Wave Equation

7.1 The Wave Equation

V:OxR R
solves the wave equation if
1 0% 5
2o V0

There’s a unique solution subject to
e initial conditions:
¥ (x,0) = f(x)

o1 (x,0) = g (x)

e boundary conditions:
(0 (X7 t) |89 =h (X7 t)

which is a Dirichlet boundary condition.

Proof. We consider the energy

B3 [ (“;f)%? (V6) - (V6) dV

Differentiating under the integral, we have

dEs; [ 94 0% ¢
o Jyaoe ¢ (W)'V(a)dv

¢ (0% 202 ¢
/8t<8t2 V¢>dv+c L, ot (Vo) B

where 11 is the outward-pointing normal. Then

dE¢ o ¢
o ¢ |, (Ve

So Ey is constant in time if no energy flows out of the region Q (i.e. if this
boundary term vanished).

So let ¢1, ¢2 each solve the wave equation with the same boundary conditions
and initial conditions. Then d¢ = ¢o — ¢1 obeys the wave equation with

dploaxr =0,
ddlaxioy =0,
0: (09) laxoy =0

That implies
dEsg

_ / 8, (56) B - V66dS = 0
Q
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since 0 (¢) |aq = 0. So
Esg (t) = Es, (0) =0

since 0¢|ox {0y = 0¢0P|ax o} = 0.
However, Ej5, is the integral of non-negative quantities, so Es4 = 0 if and only

if % =0and V(d¢) =0V (x,t) € @ x R (at best if §¢ continuous).
So d¢ = 0 always, so ¢ = ¢Pa. O

Example. Consider a string of undisturbed length L:

/\/\

(see figure 1)

And let T4, Ts be tensions pulling tangentially. The string makes no lateral
displacement. That means

Tacosfy =Tgcoslp =T

Newton’s 2nd law gives
20 . .
uéxﬁ =Tpgsinfp — Txsinf4
/L(S.T 82¢ TB sin HB TA sin 9A
T o2 - Tgcosfp B TscosBy
=tanfp —tanfy

06, 00
or'? T og'4
0%¢
So ¢ obeys
10% _ 9%
2 Ot2 0x?
with T
A==
I
as well as initial conditions
¢ (z,0) = f ()

99 (2,0) = g (x)

and boundary conditions

QS(Oat) :¢(L7t) =0

We look for a solution of the form ¢ (z,t) = X («) T (¢). Then
X" — 7}\2X
T" = —-NT
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For X we have
Asin (Az) + Bcos (Ax)

By boundary condition, B = 0. So the solutions are
¢n (x,t) = sin (nma /L) [A, sin (nwet/L) + B, cos (nwet/L)]

The general solution obeying homogeneous boundary conditions is

o (x,t) = Z sin (nwx/L) [A, sin (nwet/L) + By, cos (nmet/L)]
n=1

The coefficients A,,, B,, are fixed by the initial conditions on ¢, d,¢ respectively.
We find

9 (L
B, = —/ f(x)sin (nmx/L) dz,
L Jy
9 L
A, =— i L)d
e s g (x)sin (nmz/L) dx
Example. Suppose we pluck the string so that at ¢ = 0,

2hx L

=22 0<z< 2

f (@) —{ 2{? L—z 2[
(L ) §<_:c<_

/////////\\\\\\\\\

release from rest: g (x) = 0.

Then the Fourier coefficients are

f{(_mM””gg n odd

n
0 n even

So
8h — (_1)m+1 . 2m—1)mz (2m — 1) wet

2 2 (2m _ 1)2 sin I COS I

¢(I’t) =

Note that all the frequencies of the different normal modes ¢,, (z,t) are integer
multiples of the fundamental frequency wc/L.

The kinetic energy of the string (mass/unit length p) is
1 [Eroe\?
KE = — — ] d
2”A <m> v

Because the string is under tension, it also has potential energy. For a small
piece of the string, the extension is s — dx, where dx is the original length
(difference in the x direction) and ds is the strength under tension. We have

0s & \/ 092 + dx2
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so the PE of this piece is

96\ 1[99\’

Integrating over the length of the string,

T Y [0¢\?

so the total energy at time ¢ is

EF=KFE+ PE
L 2 2
M ¢ 5 (09
=7 = — | d
2/0 ((%) e <3x v
Plug in our general solution, we obtain

um?c? = nmct nmet\ 12
KE((t) = n? {Ansin( T >—Bncos< T )]

as before (u = 1).

4L =
and ) g oo ) 12
e nme . [ nme
PE(t):'u4L n:1n2 {Ancos( T )—l—anm( T )]
So ) o oo
E(t) = “Z L” n:1n2 (A2 + B?)

which is independent of time.

The string looks just like an infinite collection of harmonic oscillators with
frequencies nwe/L. They behave independently - the solution is a sum of terms
for each n separately.

7.2 Vibration of a Circular Membrane

Let
Q={(r0) eR?r<1}

and suppose
¢:Qx[0,00) >R
solves 5
1 2
cor =Y ¢
inside €2, with initial conditions ¢ (r,0,0) = f (r,0), 0w (r,0,0) = f (r,0) and
boundary condition ¢ (1,6,t) = 0.
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Let ¢ (r,0,t) = R(r)© (0) T (t). Then
T" = —c*AT, 0" = —u®,r (rR') + (r’A — p) R =0

We want the solution to be periodic in 6, so choose = m? for some n € N. The
radial equation is then

r(rR)+ (P*A-m*)R=0
which is the Bessel’s equation of order m. So

R(r) =amdm (\5\7") + b Y, (\&r)

To obey boundary conditions at » = 1, we must choose VA to be a root ky,; of
the m* order Bessel function. So

T (t) = A sin (kpict) + Copng cos (kpict)
Combining all the terms, we have a horrible solution:

(r,0,t) Z Ag; sin (koict) + Co; cos (koict)] Jo (koir)

i=1

P%
NE

+ [Ami cos (mB) 4+ By sin (m0)] sin (kmict) Jm (kmit)

1 1

.
Il

m

+

M8
WK

[Cmi cos (M) + Dy, sin (m8)] cos (kmict) Jm (Kmir)

14i=1

3
I

The coefficients {A, B,C, D}, . are fixed by the inhomogeneous conditions.

Example. If a drum is initially flat (¢|;=90 = 0), but struck in the centre so
that 0;¢|i=0 ¢ (r), then there is no angular dependence, so only the m = 0 terms
survive, and Cp; = 0. So

¢ (’I“, 9, t) = Z AOZ‘ sin (kol‘ct) Jo (koi’/‘)

i=1

where (as an exercise)

1
2 L / Jo (koir) g (r) rdr

Apj= ———s
T choi [ (ko) Jo
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In general there can be strange frequencies depending on 2. There is an
interesting question — if we can "hear’ the shape of a drum. The answer is no
(the first example with dim (2) = 16 and now a lot of examples)!

But if € is convex then the answer is yes.
Also, let N (\o) be the number of eigenvalues of V?2|q that is less than \g. Then

Area () = lim MZLWQ

Ao—ro0 0

(by Weyl). We can also get limits on Perimeter(Q2) (c.f. Spectral geometry in
Part I11).
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